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Abstract

Biomedical images are often degraded during image acquisition. Two very com-
mon degradations that occur in many biomedical imaging modalities are blur and
noise. Corrupted images are more difficult to interpret by the physician or researcher
and so the goal is to restore the original image.

Blurring can be mathematically modeled by convolution, and within this model
the blur is characterized by the point-spread-function (PSF). Two kinds of blur can
be distinguished: shift-invariant and shift-variant blur. Shift-invariant blur is constant
over the whole image, and shift-variant blur is characterized by a PSF that is depen-
dent on the spatial position in the image.

The process of restoring a blurred image is referred to as deconvolution in the liter-
ature. There are two major classes: non-blind deconvolution algorithms that assume
that the PSF is known in advance and blind deconvolution algorithms that do not
need any a priori knowledge regarding the PSF.

We propose a new blind deconvolution method. As an input, our method takes
several observations of the same scene, each of them acquired from a different point
of view, and their respective spatial transformations. The transformations are either
directly known by dedicated image acquisition systems, or they can be retrieved by
image registration or tracking. The output is the restored original image and PSF.

This multi-view setting occurs frequently in practice. However, most of the meth-
ods available in the literature do not specifically take advantage of the information
provided by this setting.

We perform a quantitative analysis of our new method and compare it other de-
convolution methods. There are two main contributions: Firstly, our algorithm is
able to perform unparameterized blind deconvolution in the shift-variant case. To
the best of our knowledge, known methods for blind shift-variant deconvolutions
are dependent on an a priori blur model. Secondly, in the shift-invariant case, our al-
gorithm allows for a better restoration at higher noise levels than comparable meth-
ods.
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Thesis Outline

Chapter 1: Introduction. In this thesis we deal with a multi-view setting: we
suppose that several observations of the same object from different points of
views are available for reconstruction. The multi-view setting is explained
and motivated and a brief overview over the history of biomedical imaging
is given.

Chapter 2: Mathematical Preliminaries. The basic mathematical concepts
that are relevant for the rest of the thesis are presented.

Part I: Deconvolution - An Inverse Problem

Chapter 3: Classical Image Restoration. Classical image restoration is the
process of restoring the original, non-degraded image based on a blurred
and noisy observation and knowledge about the degradation. We review
the most important methods in this field and discuss different regularization
approaches.

Chapter 4: Blind Deconvolution. When no information about the degra-
dation process is available, the task of restoring the original image from a
blurred and noisy observation is denoted as blind deconvolution. A histori-
cally guided overview of literature on blind deconvolution is given.

Chapter 5: Classification of Deconvolution. The presented methods can
be classified under several aspects. Among them are blind/non-blind, shift-
variant/shift-invariant, two-step/iterative and frequency domain/spatial do-
main approaches.

Part II: A New Method for Multi-View Deconvolution

Chapter 6: Alternating Optimization for Multi-View Deconvolution. We
present a mathematical modeling of the multi-view setting and use it for
the definition of a cost functional that is subject to minimization. Due to a
scale problem, the minimization is split into minimization of two separate
cost functionals. Within this alternating optimization scheme, one of the cost
functions is minimized by a numerical constrained optimization algorithm,



xvi Contents

and the other is minimized by deriving the first-order optimality conditions
using calculus of variations.

Chapter 7: Evaluation on Synthetic Data. We quantitatively evaluate our
method for synthetically degraded data and compare it to another multi-view
method.

Chapter 8: Application on Medical Data. Results for the reconstruction of a
whole three-dimensional ultrasound dataset are shown.



1. Introduction

Images are measurements of real world quantities and thus - like all measurements
- suffer from errors introduced during the acquisition process. Sources of errors are
not rare. The most typical ones in biomedical imaging are blurring, noise and at-
tenuation/occlusion. The process of recovering the original image based on one or
more degraded observations is commonly known as image restoration. More specific
denominations which refer to a special kind of degradation are deconvolution or de-
noising.

In this thesis, we will mainly deal with blur. Blur can complicate the detection of
small features in any kind of images. There are many kinds of blur. In photography
or microscopy, images are often blurred due to motion: the scene moves while the
shutter is still open, which exposes one pixel of the camera’s sensor to several passing
spatial positions of the object of interest. Another very common kind of blur is due
to defocus: when the plane of interest does not lie in the focal plane, it is blurred.

We consider a scenario where several observations of one object of interest are
taken - each of them from different points of view. Figure (1.1) illustrates the general
idea: the neuron cells are imaged two times from two different points of view. It
can be clearly seen that all of them are degraded by blur, however, each of them
differently. As described later, this scenario often occurs in biomedical applications.

We present a new algorithm that deals with this setting and is able to restore the
original image from several shift-variantly blurred observations with only very little
assumptions about the blurring characteristic.

There are two main contributions of our work:

1. Our algorithm allows for unparameterized blind shift-variant deconvolution. To
the best of our knowledge, this has not yet been reported in the literature.

Blind deconvolution algorithms only assume little a priori knowledge about the
blurring process. The line between blind and non-blind deconvolution is not
drawn strictly in the literature. Since many authors use a parameterized model
of the blurring process and denote it as a blind method, we want to point out
that we do not assume any blur model.

Shift-variant methods allow for a blur characteristic that is changing with the
spatial position in the image.

2. In the shift-invariant case, according to our experimental results, our algorithm
is more robust against noise than other deconvolution methods.

In section 1.1, we briefly review some literature where the multi-view setting oc-
curs. Deconvolution methods that can be used for this multi-view setting are dis-
cussed in section 1.2. Since our algorithm is not restricted to a specific imaging
modality, section 1.3 gives an historical overview of biomedical imaging.
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Figure 1.1.: Experimental setup: The object of interest (1) is imaged two times from
different points of view. Each of the acquisitions leads to a blurred observation (2).
Their coordinate systems are related by a spatial transformation - in this case a 90◦

rotation. The observed images together with the spatial transformation are the input
for our new algorithm. The output is a restored image (3). As can be seen in the
figure, the restoration is visually hardly distinguishable from its original counterpart.

1.1. Multi-View Imaging

The multi-view scenario frequently occurs in many three-dimensional biomedical
applications.

In selective plane microscopy, a three-dimensional image of a transparent speci-
men is acquired with a conventional light microscope by optically sectioning it into
numerous planes. Light of planes that are not in focus can be further reduced by
just illuminating the in-focus plane. However, independent of the number of such
planes, the axial resolution of conventional microscopes is much lower than the lat-
eral resolution due to an anisotropic point-spread-function. In order to compensate
this lack of information in the z-direction, a second, adequately rotated recording
can be made. Several dedicated devices have been proposed in the literature. Shaw
et al. were the first to develop a tilting stage and achieved an amelioration in the z
direction by fusing two recordings from different angles. Kikuchi et al. constructed a
Double-Axis Microscope, where two normal microscopes are orthogonally placed in
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order to allow for a combined reconstruction [25]. Kozubek et al. describe specially
dedicated tilting devices used in human genome research in order to acquire several
views on the same object [28]. In [56], Swoger et al. present a Multiple Imaging Axis
Microscope (MIAM) that is able to acquire more than two three-dimensional images.
Within the same research group, Huisken et al. develope a Selective Plane Illumi-
nation Microscope (SPIM) [23]. They manually rotate the object of interest and then
establish the transformation by methods of image registration.

Soler et al. work with three-dimensional ultrasound data [50, 51]. A one-dimensional
linear array is embedded in a two-dimensional robotic platform which can linearly
scan the tissue. Disposing of these slices and the corresponding spatial position, a
three-dimensional image can be reconstructed. Similar to microscopy, the in-plane
resolution is much better than the out-of-plane resolution. Soler et al. show that a
second dataset can improve the resolution significantly.

1.2. Multi-View Restoration

In the following we briefly motivate the use of multiple views and then discuss the
shortcomings of available multi-view restoration methods.

In image restoration, the literature distinguishes between two cases: the non-blind
or classical image restoration problem, where the PSF is known in advance and the
original image is subject to reconstruction, and the blind deconvolution problem,
where neither the PSF nor the original image are known.

The vast majority of existing deconvolution methods are based on only one ob-
servation. Unfortunately, even for the non-blind case, deconvolution is an ill-posed
problem and thus requires additional assumptions on the solution in order to ren-
der it well-posed. Rendering the problem well-posed is commonly known under the
term regularization. A common way of regularization in deconvolution is to assume
piecewise-smoothness of the original image.

The lack of information is even more severe in the blind case. There, regularization
has to take into account both the original image and the PSF.

Many methods for regularization have been proposed, and we will discuss them
in detail in chapter ?? and 4. Blind deconvolution works often well in low-noise
scenarios. Unfortunately, some imaging modalities such as ultrasound suffer from a
very high level of noise.

A natural way of regularization is to use multiple observations of the same scene.
As we will show experimentally with our new method, this stabilizes the problem
such that even for high noise levels a good restoration is accomplished. Furthermore,
even shift-variant deconvolution can be accomplished.

For the multi-view setting, different methods were used for fusion of the two or
more datasets.

Kikuchi et al. use synthetically generated projections and then apply a reconstruc-
tion method known fromComputed Tomography [26, 24]. Though this improves the
quality of the reconstructed image with respect to the two input images, this is not
a deconvolution method. Additionally, it assumes that the blur is shift-invariant and
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depends on prior knowledge of its direction. So, this method is only applicable in
specialized settings.

Swoger et al. use simple linear combination techniques like averaging [56].
Huisken et al. transform both images into the Fourier space and then combine

them by choosing the maximum for each respective frequency [23]. Though the qual-
ity is generally improved, one has to note that also this is not a real deconvolution
method. Furthermore, noise is significantly amplified.

In ultrasonography, Soler et al. assume a Gaussian shape of the PSF [50]. They
justify their assumption based on measurements on a bubble phantom. The bubbles
are assumed to be sphere shaped, and so their image gives rise to a method of esti-
mation of the PSF. Since a theoretic model is chosen in advance, this approach is not
generally applicable to other scenarios. In addition, assuming a Gaussian shape is
only an approximation, and theoretical considerations suggest a different shape [38].

1.3. A Brief History of Biomedical Imaging

Biomedical imaging dates back to the end of the 17th century, when Robert Hooke
published descriptions and illustrations of insects, sponges, bryozoans, foraminifera
and bird feathers in his book Microgphia. More importantly, he was the first to state
the term cell as a building block of plants. Hooke used a self-constructed compound
microscope with a magnification factor of about thirty. Inspired by Hooke’s work,
Antony van Leeuwenhoek firstly observed bacteria, blood cells and other small bio-
logical speciem. Leeuwenhoek used a way simpler microscope with only one lens,
however, able to magnify up to three hundred times [8].

Light microscopy is still one of the most used imaging modalities in todays bio-
medical imaging. For example, in order to study neural networks in mouse brains,
neurons of trans genetic mice can be marked with the green fluorescence protein
(GFP). This protein sends out fluorescence light when excited with laser light of
adequate wavelength. Then, using confocal microscopy, a technique called optical
sectioning allows for a three-dimensional point-by-point recording of the region of
interest [40].

Also based on light, a recently developed technology is optical coherence tomog-
raphy (OCT). However, unlike normal light microscopy, OCT takes advantage of
light low-coherence interferometry and so is able to measure the distance of reflect-
ing surfaces. Being a new technology, applications are seen e. g. in ophthalmology,
where it allows for revealing the fine layered structure of the eye [22].

However, not only light is used for biomedical imaging. An older technology us-
ing a similar principle like OCT is ultrasonography. Instead of light waves, acoustic
waves are sent into the tissue. Knowing the speed of sound, the received echo gives
rise to the distance of the echoing object. Today, medical ultrasonography is widely
used in almost all medical disciplines.

Only shortly after 1895, when Wilhelm Conrad Röntgen discovered a new kind
of radiation, the X-rays (Nobel prize in physics, 1901), it was clear to physicians
that medical surgery would benefit tremendously by this technique. In fact, the first
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X-ray image made public (as shown in Figure 1.3) was the hand of the anatomist
Albert von Kölliker - it was taken during Röntgen’s initial lecture held at the Physical
Medical Society in Würzburg [1].

Figure 1.2.: First X-ray image made public. It was the hand of the anatomist Albert
von Kölliker and was taken during Röntgen’s initial lecture at the Physical Medical
Society in Würzburg

X-ray imaging layed the base for one of the most successful achievements in med-
ical imaging: the computed tomography. Here, X-ray projections made around the
object of interest give rise to enough information for image reconstruction. After
some preliminary work in the sixties by Allan M. Cormack, Godfrey Hounsfield re-
alized the first prototypes. The first recording of a real human being was taken in
1971. Both Cormack and Hounsfield received the Nobel Prize in medicine in 1979.

Also in the seventies, two other very important imaging modalities were brought
to industrial production: Magnet Resonance Imaging (MRI) and Positron-Emission-
Tomography (PET). Although PET and MR devices often look very similar to CT, the
physical effects that are exploited are totally different: Magnet Resonance Imaging
relies on the relaxation properties of spins of atomic nuclei when exposed to strong
magnetic fields. As the relaxation time depends on the kind of tissue, MRI is es-
pecially useful to image soft tissue. PET is based on gamma radiation that is sent
out by the annihilation of electrons and positrons. Since our surrounding matter is
based on positive nuclei surrounded by negative electrons, if one can mark specific
regions with positrons, annihilation takes place immediately. This is done by ap-
plying radionucleides (tracer) to the patient. By choosing the right tracer, one can
mark the regions of interest. For example, in oncology, the most often used tracer is
fluorodeoxyglucose. It is a glucose analog and taken up by all glucose consuming
cells. Since cancer cells typically absorb glucose in large quantities, this radiotracer
is perfectly suited in order to mark them.
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2. Mathematical Preliminaries

2.1. Images, Gradients and Norms

Mathematically, can be modeled as functions

f : Ω→ R (2.1)

that map from a spatial position to an intensity value. We define Ω to be a subset of
a d-dimensional euclidean space: Ω = [0, 1]d ⊂ Rd. For convenience, we denote the
functional space of all images by F . The variable d represents the dimension of the
image, and in this thesis we consider the cases where d = 2 or d = 3.

The norm of a vectorial quantity x ∈ Rn is

|x| =

Ì
nX

i=1

x2
i , (2.2)

and similarly the norm of a continuous quantity f ∈ Ω→ R is

‖f‖ =
rZ

Ω
f2(x) dx . (2.3)

We will often use the norm of an image in order to compare how similar it is to
another one. For example, if we have two images u and z, the term ‖u − z‖ gives
rise to the similarity of these images. Since the square root is not convenient in dif-
ferentiation, one usually prefers to use 1

2‖u − z‖2. This is called the sum of squared
differences.

The gradient of a function f with respect to a vector x = (x1, ..., xn)> will be
denoted by

∇xf =
�

∂

∂x1
f, ...,

∂

∂xn
f

�>
. (2.4)

For a one-dimensional signal, the gradient at a specific point is the slope of the
function at that point. For a general function f ∈ Ω → R, the gradient is a vector
that is pointing towards steepest ascent of this function. This property is exploited
by many optimization algorithms in order to find an extremal point.

We will often use the norm of the gradient |∇xf |. For biomedical images, the
average gradient magnitude is usually relatively low. This is exploited by many
image restoration algorithms for stabilization.
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2.2. Convolution

Convolution is a mathematical concept that is frequently used in image processing
for modeling blur. In fact, most of us might have made experiences with convolution:
just remember the last time you took an image with your camera at night. Unless you
used a tripod, it is pretty likely that the resulting photograph was blurred. Artists
may like this effect, physicists and researchers in general do not...

The reason for blurring in this case is, that in a dark environment, the shutter
of the camera has to open for a longer time in order to let enough light pass to the
sensors. Depending on the degree of darkness, this may be up to seconds. If one does
not keep still, or if the photographed object moves, then the same sensor element is
exposed to light rays that come from the surrounding area of the initial ray. In the
literature, this effect is referred to as motion blur.

Another kind of blur occurs when the object of interest is out of focus. The result
is also a blurred image, and the literature speaks of out-of-focus blur. In conventional
wide-field microscopy for example, not only the in-focus plane is displayed but also
the out-of-focus planes above and below. The resulting observation thus is a sum of
the intensities of all those regions which leads to a blurred image. This is why confo-
cal microscopy, where only a certain point is illuminated and focused, becomes more
and more popular in biomedical imaging. This increases the resolution dramatically
and therefore allows for much higher magnification factors.

A way to describe convolution for a specific imaging device is to look at the image
of a single point source: it is not a point anymore, but rather a point spread over the
image plane. Accordingly, the image of this ideal point (which in practice does not
exist) is called the point-spread-function (PSF) and commonly used in optics in order
to characterize the way an imaging device convolves the original image.

If the blurring is exactly equal for the whole recorded image, this is referred to as
shift-invariant convolution. The other case, where the blurring depends on the spatial
position in the image, is called shift-variant.

2.2.1. Shift-Invariant Convolution

Mathematically, convolution can be described by the following equation:

z(x) = (u ∗ h)(x) =
Z
Ω

u(x− ξ) · h(ξ) dξ . (2.5)

The original image u is convolved with the point-spread-function (PSF) h (also known
as the filter or the kernel) and the result is the convolved image z. Figure 2.1a illus-
trates this for a one-dimensional signal, and figure 2.2 shows how convolution acts
on an image.
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(a) Original image (99× 99) (b) Convolved image (same
size as original image)

(c) Point-spread-function
(9× 9)

Figure 2.2.: Shift-Invariant Convolution

Typically, the PSF has values different from zero only for a very small area around
ξ = 0. That means, that z at the position x is composed out of a linear combination
of values of u around that position.

A very important theorem for deconvolution is the Convolution theorem

u ∗ h = U ·H , (2.6)

where U is the Fourier transformed of u and H the Fourier transformed of h.

2.2.2. Shift-Variant Convolution

As mentioned, the above description only reflects a special case. A more general
way is to let the PSF h depend on the spatial position. So, the original image u is
convolved with a filter h that can be different for each spatial position in the image.
The following equation reflects this idea:

z(x) = u ? h =
Z
Ω

u(x− ξ) · h(x, ξ) dξ . (2.7)

Figure 2.1b illustrates this for a one-dimensional signal, and figure 2.3 shows how
a shift-variant rotating Gaussian distribution shape PSF acts on the checkerboard
image.

2.3. Discretization

Throughout this thesis, discrete versions of two-dimensional images will be assumed
to be of size m × n. An image f will be represented by a vector f of size mn. Lin-
earization is done in lexicographic order with respect to the function variables. The
discrete PSF h will be represented by a vector h of size mnop, where o � m and
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(a) Original image (99× 99) (b) Convolved image (same
size as original image)

(c) Shift-variant PSF: each
pixel has its own 5 × 5 kernel.
For the sake of visualization,
only a small part is displayed.

Figure 2.3.: Shift-variant convolution

p � n define the support of each filter. Unsurprisingly, this linearization is also
performed in lexicographic order.

In discrete terms, the convolution - being a linear operation - can be expressed by
a matrix-vector product Hu or Uh. Since we assume that the discretized version of
a PSF at a single image point is much smaller than the discretized image, H is an
mn×mn sparse matrix. U is of size mn×mnop and is also highly sparse.

2.4. Optimization

It is beyond the scope of this thesis to give a well-founded introduction to optimiza-
tion, as it can be found in [55, 39] or [49]. However, we will at least try to introduce
to the principals that are necessary for the understanding of the rest of the thesis.

The basic goal of optimization is to find a vector x such that a cost function (also
called the objective function) C : Rn → R has a minimal/maximal value C(x) at
x. In the following, we will restrict our considerations without loss of generality
to the problem of minimization of C, since maximization of C can be stated as the
minimization of C̃(x) = −C(x).

It often happens that the cost function does not depend on a vector but on another
function and its derivative:

C : R× (R 7→ R)× (R 7→ R) 7→ R (2.8)

C[x, f, f ′] =
Z b

a
F (x, f, f ′) dx . (2.9)

In this case, C is called a functional. Then, similar to above, the goal is to find the
function f that minimizes the functional C[x, f, f ′].
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The space where solutions are to be found can be restricted to a certain domain. If
this is the case, one speaks of constraints that are imposed on possible solutions x.
All x that fulfill the constraints define the feasible region.

2.4.1. Optimization of Functions

If the objective is a function of one variable, one can analyze its first and second
derivative in order to get candidates for global extrema. Points where the first deriv-
ative is zero have a tangent with slope zero, and the second derivative gives rise
to whether this is a local minimum or maximum or plateau. The first derivative is
defined by

d

dx
C(x) = lim

α→0

C(x + α)− C(x)
α

. (2.10)

In many practical cases, the objective function C is not known analytically. It has
to be considered as a black box that returns its values for a given parameter vector
if it is asked to do so. Many different kinds of numerical algorithms were devel-
oped in order to find solutions for such kind of problems. For a recent overview the
interested reader is referred to [17].

Not having an analytical description of the cost function makes it more difficult -
if not impossible - to find a global minimum, since it is not possible to evaluate C
over the whole infinite parameter space.

Commonly used optimization methods can only guarantee that a solution is a
global solution if C fulfills certain criteria. A popular class of objective functions
are convex functions [7]. In this case, a local optimum is also a global optimum.

For cost functions whose parameter is a vector of several variables, the directional
derivative gives rise to optima:

dxC(x;ν) = lim
α→0

C(x + αν)− C(x)
α

,|ν| = 1 .

For C ∈ R2 7→ R, the directional derivative is the slope of the function in direction
ν. Similar to the one-dimensional case, a necessary condition for a minimum at a
certain point is, that the directional derivative is zero at that point for all directions.

In the following, we will show a connection between the directional derivative and
the gradient of a function. The main reason why we do this is to show an analogy
between the directional derivative and the Gâteaux derivative in the next section.
We first have to note that

dxC(x;ν) =
d

dε
C(x + εν)

����
ε=0

. (2.11)

In words: The directional derivative at point x in direction ν is equal to the scalar
derivative at point ε = 0 of the modified cost function C(x + εν). The proof is very
simple and shown in Appendix A.
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Now, since we boiled the directional derivative down to a normal scalar deriva-
tive, we are able to apply all the rules we know from scalar derivation. With the help
of the chain rule we get:

dxC(x;ν) =
d

dε
C(x + εν)

����
ε=0

(2.12)

=
∂

∂x
C

d

dε
(x + εν)

����
ε=0

(2.13)

= (∇xC)>ν (2.14)

2.4.2. Optimization of Functionals

We will now derive the first order optimality conditions for a functional

C[x, f, f ′] =
Z b

a
F (x, f, f ′)dx . (2.15)

The functional C depends on a scalar x, a function f and its first derivative f ′ (for the
sake of an easier derivation we chose a scalar x rather than a vector).

As mentioned, the goal is to find a function fopt ∈ R 7→ R, such that the functional
C has a minimal value at fopt. This means that C[x, fopt + η, f ′opt + η′] ≥ C[fopt] for
all perturbations η ∈ R 7→ R. If we consider these perturbations η as a direction in
the functional space, we arrive at a sort of directional derivative, called the Gâteaux
derivative:

δfC[x, f, f ′; η] = lim
α→0

C[x, f + αη, f ′ + αη′]− C[x, f, f ′]
α

. (2.16)

Again, the goal is to find a tractable way in order to deal with this derivative. As for
the directional derivative, we first note that (see Appendix A)

δfC[x, f, f ′; η] =
d

dε
C[x, f + εη, f ′ + εη′] . (2.17)

Unfortunately, the rest of the derivation is not as easy as in the case of the direc-
tional derivative. In the 1750’s, Leonhard Euler and Joseph-Louis Lagrange indepen-
dently found a necessary condition that a solution has to fulfill [14]: the function f
that minimizes C is found by solving the partial differential equation

∂F

∂f
− d

dx

∂F

∂f ′
= 0 . (2.18)

The full derivation is given in Appendix B. It is very important to note that a solution
to this equation is not necessarily a global optimum. Additional knowledge such that
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the function is convex is necessary in order to make sure that the sought function f
really optimizes the cost functional.

For the higher-dimensional case, where the objective function is

C : Rd × (Rd 7→ R)× (Rd 7→ R) 7→ R (2.19)

C
�
x1, ..., xn, f,

∂f

∂x1
, ...,

∂f

∂xn

�
=
Z b

a
F

�
x1, ..., xn, f,

∂f

∂x1
, ...,

∂f

∂xn

�
dx1...dxn , (2.20)

we get

∂F

∂f
−

nX
k=1

∂

∂xk

∂F
∂f
∂xk

. (2.21)

We will not give the derivation, since the general idea is the same as in the one-
dimensional case. The interested reader is referred to [49].
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Deconvolution - An Inverse Problem





3. Classical Image Restoration

The goal of image restoration is to find the original, non-degraded image. This is an
inverse problem and is typically modeled as follows (compare e. g. [16]):

z(x) =
Z
Ω

u(x− ξ) · h(x, ξ) dξ + η(x) . (3.1)

As before, z is the observed image, u is the original image which is convolved with
a point-spread-function h. Additionally, usually noise is disturbing the observation
which is modeled by the noise term η. If u, h and η are given and z is sought this
would be a direct problem. However, the usual task is to restore the original image
u when the rest of the variables is given or when only z is given. This is the inverse
problem. A very important special case of (3.1) is the shift-invariant or stationary
model:

z(x) =
Z
Ω

u(x− ξ) · h(ξ) dξ + η(x) . (3.2)

Unfortunately, it is well known that the reverse solution of Fredholm integral
equations of first kind like (3.1) or (3.2) is ill-posed in the Hadamard sense (see e.
g. [34]). This is due to the fact that the inverse operator is not continuous and there-
fore small perturbations in the measured signal z can come from extremely large
perturbations in the solution u. As mentioned, ill-posedness can be tackled by regu-
larization. According to the historic time line, we will now first review some classical
approaches, and then look at ways of rendering the restoration problem well-posed.

3.1. Inverse Problems

An inverse problem is one where the effect of a system is known, and, based on the
known effect, its cause has to be concluded. This is called inverse problem since with
respect to points in time, the effect of a system always comes after the cause. If one
wants to conclude the effect from the cause, this is called a forward problem or a
direct problem.

Let us look at a demonstrative example: A pirate ship that operates in the costal
regions of the Maghreb shoots a canon in direction of an argosy. The cannonball
almost hits the argosy. We suppose that the pirates are quite far away and windy
weather is invoking huge waves, such that for the argosy crew it is not possible to
see the pirates ship at any time. From the point of view of the pirates, the problem
is to hit the argosy which they saw for some short moments. From the point of view
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of the argosy crew, the problem is to determine from where the cannonball came in
order to be able to shoot back properly.

The problem can be modeled as followed: A particle of mass m starts from a spatial
position x with a velocity vector v and ends at a spatial position x′ having a velocity
v′. The velocity vector encapsulates both direction and amount of the velocity at a
certain point of time.

The pirates know both x and x′ and have to calculate v in order to align the can-
non properly. The cause of this system would be the initial position and the initial
velocity vector. The effect is the final spatial position and the final velocity of the
cannonball. Therefore, the pirates have to solve an inverse problem: they have to
calculate the cause out of the intended/observed effect.

Having estimated x′ properly, making some simplifications (e. g. that friction can
be neglected) and knowing the cannon properties this is not a difficult task for the
pirates. Now, fortunately for the argosy crew, the pirates did not well enough in
order to estimate their position x′, and so the cannonball makes an impact only close
to the argosy.

Also the argosy crew has to solve an inverse problem: knowing the position of
impact x′, they have to solve for the initial position x. If nothing else than the impact
position is known, this is an ill-posed problem, since there exists an infinite number
of solutions: for any initial position x one could find a velocity vector v such that the
cannonball hits the target in x′.

Inverse problems are often ill-posed. Hadamard [19] proposed the following three
conditions for well-posed problems:

1. A solution exists

2. The solution is unique

3. The solution depends continuously on the data, in some reasonable topology.

Accordingly, ill-posed problems are characterized as those that are not well-posed.
In order to be solvable by an numerical algorithm, they have to be restated in a
certain manner. This is done by adding further information about the solution. In
the literature, this is referred to as regularization.

Coming back to our example, the argosy crew could estimate the cannonball’s
velocity vector at the time of impact (e. g. by inspecting the water bubbles that it
leaves behind). Then, at least the cannonball’s trajectory could be determined. By
further assuming that the cannonball was shot at approximately sea level height, the
problem is rendered well-posed.

3.2. Classical Approaches

As mentioned, image restoration is an inverse problem. The system is the imaging
device, the effect is the observed image and the cause is the original image. One
knows the effect of the system and the goal is to find its cause. This is an ill-posed
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problem and in the following sections we will see how early research on deconvolu-
tion deals with the issue.

3.2.1. Inverse Filter

The most naive approach for tackling deconvolution is to construct the inverse filter.
This is easily done when looking at the Fourier transformation of equation (3.2) and
disregarding the noise term. Together with the Convolution theorem we yield

Z(ω) = U(ω) ·H(ω) , (3.3)

where the Z, U and H are the Fourier transformations of z, u and h, and ω is a
frequency value. Then, the original image can be reconstructed if the degradation
kernel is known:

U(ω) =
Z(ω)
H(ω)

. (3.4)

There are two problems associated with this approach. Firstly, the inverse filter
does not exist for all kernels [6]. In fact, the most important scenarios like motion-
blur or out-of-focus blur do not have an inverse filter.

Secondly, noise is amplified quite heavily. This can be seen when the inverse filter
is applied to the more realistic noisy scenario:

U(ω) =
Z(ω)
H(ω)

(3.5)

=
U(ω) ·H(ω) + N(ω)

H(ω)
(3.6)

= U(ω) +
N(ω)
H(ω)

. (3.7)

Since the PSF is usually a low-pass filter, H becomes very small for high frequencies
and accordingly its inverse is very large. Noise typically also has high magnitudes
for high frequencies, and so it is amplified dramatically.

3.2.2. Wiener Deconvolution

The Wiener filter tackles the problem of high noise amplification. Let us suppose
that we dispose of a restoration filter W . The error ε between the reconstructed
image using the filter W and the original image is

ε(ω) = [Z(ω) ·W (ω)]− U(ω) (3.8)
= [(U(ω) ·H(ω) + N(ω)) ·W (ω)]− U(ω) . (3.9)
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Now, the idea is to find the filter W that minimizes the magnitude of the squared error.
Since W is a function, the magnitude is a functional, and in order to find a function
that minimizes a functional, we have to make use of calculus of variations. However,
at this point we do not want to enter into mathematical details and therefore just give
the final solution according to [16]:

W (ω) =
H∗(ω) · U(ω)

|H(ω)|2 · U(ω) + N(ω)
. (3.10)

This construction relies on already knowing the frequency spectrum of u and thus
is not directly applicable. In practice, Wiener Deconvolution works pretty well for a
number of scenarios where H is supposed to be known in advance and the spectrum
of U and N can be approximated properly.

3.2.3. Landweber Iteration

The Landweber iteration [32] (also known as Van Cittert’s [11] or Bially [5] iteration)
is based on the trivial identity

u = u + α (z − h ∗ u) . (3.11)

Then, the following discretized iterative scheme is suggested:

u0 = α z (3.12)
ui+1 = ui + α (z−Hui) (3.13)

= α z + (I−H)ui . (3.14)

For any iterative scheme it is interesting to know if it does converge and if yes
which is the limiting solution. It was found that

u∞ = H−1z . (3.15)

In other words, the limiting solution is found by applying the inverse filter to the
blurred observation. However, an advantage of the Landweber iteration over the
inverse filter solution is that the typical noise amplification can be avoided if the
iteration is not continued until convergence. Another advantage is that the inverse
filter itself does not have to be implemented.

Further eigenvalue analysis leads to a better understanding why an early cancel-
lation of the iteration is often a good choice [32].
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3.3. Regularization

As mentioned, the problem of deconvolution is ill-posed. In order to get a physically
meaningful solution, one has to impose constraints on the set of possible solutions.
Some of the classical approaches automatically incorporate some kind of regulariza-
tion, e. g. the number of iterations in the Landweber approach. However, it was not
before the sixties that mathematicians consciously addressed this issue and found
general ways to render ill-posed problems well-posed.

3.3.1. Tikhonov-Phillips Regularization

A classical method for regularization was found in the sixties independently by
Tikhonov and Phillips [41, 59]. Instead of seeking the perfect solution to (3.1), the
idea is to construct a cost function that on the one hand encourages good reconstruc-
tions, and on the other hand penalizes solutions that are physically not meaningful.
The cost function that is subject to minimization is

‖z − u ? h‖2 dx + α J(u) . (3.16)

Under the variety of possible solutions to (3.1), those u that minimize J(u) are pre-
ferred. This renders the problem well-posed since now the problem is to solve a
Fredholm integral equation of second kind and it is known that there exists a unique
solution [34].

Typical choices for J(u) are

J(u) =
Z
Ω

u2(x) dx (3.17)

or

J(u) =
Z
Ω
|∇u(x)|2 dx . (3.18)

However, both of them are not adequate for image restoration since (3.17) produces
spurious oscillations or ringing artifacts and (3.18) encourages smooth images and
disregards edges.

3.3.2. Total-Variation Regularization

A better way of regularization for image restoration was found by Rudhin and Osher
in their seminal paper on image noise removal algorithms [46]. In order to conserve
edges while suppressing noise the so called total variation (TV) norm (a L1 norm on
the gradient) is used:

JTV =
Z
Ω
|∇u(x)| dx . (3.19)
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Unfortunately, as will be seen later, this makes the numerical solution much more
difficult.

In variational frameworks, (3.19) often has to be derived with respect to u and so
the problem arises that the absolute value is not differentiable at zero. In order to
circumvent this problem, Vogel and Oman propose a slight modification of (3.19):

JTV =
Z
Ω

È
|∇u(x)|2 + β2 dx . (3.20)

For very small values of β this term approximates (3.19) but is still differentiable at
zero.



4. Blind Deconvolution

Up to now, we only considered the problem of restoring the original image u by
assuming that we know h. Though this is a very important problem, in practical
applications the point-spread-function is often not directly available in advance. In
astronomy for example, the PSF depends on atmospheric perturbations that are sub-
ject to change over time.

Even for cases where the PSF can be measured it is often better or more convenient
if no knowledge of h has to be known in advance in order to apply the restoration:

• Measurements are error prone and image restoration is very sensitive to mea-
surement errors.

• Measurements can be time consuming.

• Small parameter changes in the imaging system can change the PSF, which
would make it necessary to repeatedly measure it again and again.

So, it is very appealing to be able to retrieve u from a convolved observation z
without disposing of any knowledge about h. The scientific community recognized
demand for such methods in the late sixties and aptly named this new class blind
deconvolution.

Furthermore, theoretical predictions often depend on parameters which have to
be determined (e. g. for motion blur or defocus blur). If it is known in advance
that a theoretical model applies, blind deconvolution algorithms can incorporate this
knowledge for restoration.

In fact, the question arises where to draw the line between blind and non-blind
deconvolution. In the literature this line is not strictly drawn. Many algorithms de-
noted as ”blind” make to some extent use of previous knowledge. Almost always
it is assumed that both the image and the PSF are nonzero. Even algorithms where
a theoretical model is assumed to be known are often denoted as ”blind”. In these
cases, some authors prefer to use a more confined term such as semi-blind deconvolu-
tion.

Very good reviews over these approaches can be found in [6, 29] and [3]. Each of
them uses a different classification in order to organize the available methods. How-
ever, many reasonable ways of classification are imaginable, and we feel that it is
difficult to structure our introduction on the basis of a rigorous classification. To this
end, we present the available literature ordered by a historic time line and only dis-
tinguish between deconvolution methods that restore shift-invariantly blurred im-
ages and deconvolution methods that restore shift-variantly blurred methods. How-
ever, a brief overview of possible classifications of blind deconvolution methods is
given in the next chapter.
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4.1. Shift-Invariant Blind Deconvolution

4.1.1. Frequency Domain Zeros

This class of approaches goes back to Slepian [48]. We look at the frequency domain
representation

Z(ω1, ω2) = U(ω1, ω2) ·H(ω1, ω2) (4.1)

of (3.2). The general idea is pretty simple: when U(ω1, ω2) or H(ω1, ω2) is zero, this
implies that Z(ω1, ω2) is also zero. If additionally a blur model for H is known which
just depends on some few parameters, then these parameters can eventually be de-
termined by looking at the zeros of Z.

This is the case for example for motion blur and out-of-focus blur. Horizontal
motion blur can be modeled by

h(x, y) =

(
1
2d −d ≤ x ≤ d ∧ y = 0,

0 otherwise
. (4.2)

The zeros of the Fourier transformed of h, namely H , are lying on lines perpendicular
to the direction of motion blur and with constant distance of 1/d.

For out-of-focus blur, the model usually used is

h(x, y) =

(
1

R2π

È
x2 + y2 ≤ R,

0 otherwise
, (4.3)

and the zeros occur on almost periodically appearing concentric circles around the
origin.

By finding the parameter such that the zeros of H fit best with the zeros of Z,
the point-spread-function can be determined and the problem reduces to the well
studied classical image restoration problem where the filter is known.

The next step dates back to Sondi in 1972 [52]. Instead of looking at the Fourier
transform of (3.2), he considers the cepstrum equation

Cz(p, q) = Cu(p, q) + Ch(p, q) . (4.4)

The cepstrum is defined as the Fourier transform of the logarithm of the Fourier
transform of a signal. The periodic or almost periodic patterns of motion blur and
defocus blur models of H lead to large negative spikes in the ceptrum of h, namely
Ch. Their pattern gives information for a determination of h.

However, Stockham and Cannon [53, 9] found that this kind of simple analysis
only works for synthetically degraded data and is not robust when noisy real-life
data is used. In order to make things more stable, they propose a subdivision of
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the measured image into smaller, possibly overlapping rectangles. For each of those
rectangles

Zi(ω1, ω2) ≈ Ui(ω1, ω2) ·H(ω1, ω2) (4.5)

holds approximately. This is due to convolutional border effects. However, the ap-
proximation is accurate enough if the windows are large compared to the support
of the point-spread-function. By averaging over the square of the magnitude of the
Fourier transforms, a quite robust estimate for the power spectrum is received. This
is mostly due to the fact that Ui varies for each of those windows while the flavor
of H is retained in each of them. Now, looking at the ceptra of the power spectrum
reveals much clearer spikes and therefore allows for a robust estimation of H and
finally h.

4.1.2. Zero Sheet Separation

A fundamental contribution to the problem of blind deconvolution was made by
Lane and Bates in 1987 [33]. They prove that blind deconvolution, while being the-
oretically impossible for one-dimensional signals, is achievable and even overdeter-
mined for two or more dimensions. Their approach is not only very interesting due
to its theoretic results, but also lead to several automatic algorithms that practically
perform blind deconvolution. In the following, we will spend some space in order to
illustrate the basic idea of an algorithm by Ghiglia and Romero [15], which, among
these approaches, received the most attention in the literature.

Ignoring noise, the Fourier transformed of (3.2) is denoted by

Z(ω1, ω2) = U(ω1, ω2) ·H(ω1, ω2) . (4.6)

Z is a two-dimensional polynomial that can be written as

Z(ω1, ω2) =
N−1X
n=0

M−1X
m=0

z(m,n) e−i2πω1m/Me−i2πω2n/N (4.7)

By simply substituting e−i2πω1/M by u and e−i2πω2/N by v this shortens to

Z(u, v) =
NX

n=0

MX
m=0

z(m,n) umvn . (4.8)

For one-dimensional polynomials, the fundamental theorem of algebra guarantees
that a factorization is always possible. For two or more dimensions, a factorization
is not generally possible. However, if it is possible, it is almost always unique. Thus,
the two-dimensional blind deconvolution problem is equivalent to finding the fac-
torization (the zero sheets) of a two-dimensional polynomial.
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Unfortunately, finding the zero sheets of two-dimensional polynomials is not that
easy. In fact, doing so is the most important step in the algorithm proposed by
Ghiglia and Romero. Once this factorization is accomplished, U and H are known
and simply applying the inverse Fourier transform leads to the image u and the PSF
h.

Let us start by rewriting (4.8) as

Z(u, v) =
N−1X
n=0

an(u)vn , (4.9)

where

an(u) =
M−1X
m=0

z(m,n) um . (4.10)

If we now fix the value of u, we dispose of a one-dimensional polynomial of degree
N that only depends on the image data z(m,n). Of course, this polynomial has N
(complex) roots and any conventional root-finding algorithm can be used in order to
find them. We fix the value of u to u0, and the roots of (4.9) for this value are denoted
by v1, v2, ..., vN . Now, since we know that Z can be factored into U and H , the task
is to assign the roots to either U or H . To this end, we define two sets S1 and S2.
We start by arbitrarily putting v1 into S1. The goal is to classify the remaining vi into
either S1 or S2. However, we do not know yet if the roots assigned to S1 belong to U
or H . Once this part is accomplished, we will see later how U and H , and therefore
also u and h can be derived.

Figure 4.1 illustrates the classification procedure. For simplicity, the zero contours
of U and H are supposed to be real values and not complex. We now want to know
if vi belongs to the same zero sheet as v1 or not. Let us suppose that we dispose of
a numerical procedure such that we can shift v1 and vi on a path until they come
together at the point u = ũ and v = ṽ. This is not a trivial task and details are
described in the referenced paper.

Knowing this point of coincidence, the following reflections will give the answer to
the question whether vi belongs to S1 or S2. We look at the case where both belong
to the same zero sheet. Without loss of generality this shall be H , as displayed in
Figure 4.1b. Then, the product rule gives

∂

∂u
Z(ũ, ṽ) =

∂

∂u
U(ũ, ṽ)H(ũ, ṽ) + U(ũ, ṽ)

∂

∂u
H(ũ, ṽ) (4.11)

and therefore ∂
∂uZ(ũ, ṽ) is not zero in general. For the other case where v1 and vi

belong to a different zero sheet (as illustrated in Figure 4.1c), ∂
∂uZ(ũ, ṽ) is obviously

always zero.
Ghiglia and Romero were not able to prove that ∂

∂uZ(ũ, ṽ) = 0 implies that v1 and
vi belong to different zero sheets under certain assumptions. In fact, without any



4.1. Shift-Invariant Blind Deconvolution 27

(a) Zeros of the one-
dimensional polynomial
v(u0).

(b) v1 and v2 belong to the
same zero sheet.

(c) v1 and v3 belong to a differ-
ent zero sheet

Figure 4.1.: The zeros of a the one-dimensional polynomial v(u0) are shifted until
they merge to a single point. Then, it can be established whether they belong to the
same polynomial or not.

assumptions, it is possible to construct two polynomials where this is not the case.
However, Ghiglia and Romero argue that in the case of image deconvolution two
such polynomials do not exist and hence this implication is true in general.

Now we dispose of the set S1 that contains all vi(u) that belong to one of the two
factors (either U or H) and S2 that contains all vi(u) that belong to the other factor.
Conceptually, this is the most difficult part. The remaining task is to use this infor-
mation in order to find U and H . To this end, the same classification procedure is
applied by exchanging the rules of u and v, which leads to ui(v) that belong to either
a set T1 or T2. From the fundamental theorem of algebra we know that every one-
dimensional polynomial can be expressed by its roots multiplied with a remaining
arbitrary factor:

U(u, v) = A(u) Q1(u, v) = A(u)
Y

{i|vi∈S1}
(v − vi(u)) . (4.12)

Note that vi depends on u. We suppose that by moving u beginning with u = 1
over the unit circle in the complex plane, the classification can be maintained with
less effort than a complete reclassification for every u (e. g. by using sufficiently
small steps). Again, this is not an easy procedure and the reader is referred to the
original paper for further details.

If we supposed that the set T1 is associated with U we can also write

U(u, v) = B(v) P1(u, v) = B(v)
Y

{i|ui∈T1}
(u− ui(u)) . (4.13)
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Putting both equations together leads to

P1(u, v) =
B(v)
A(u)

Q1(u, v) . (4.14)

A(u) can be arbitrarily set to 1 for a certain u since we are only determining the
polynomials up to a certain constant, and so B and finally U is sought. In practice a
more robust numerical scheme that takes advantage of the fact that (4.14) must hold
for every u it is applied to.
It remains to check if T1 is really associated with U . This is done by evaluating (4.14)
for different values of u and comparing the results for B. If B is equal up to an
arbitrary scale factor, then the assumption is true. If not, the same steps have to be
applied based on the assumption that T1 is associated with H .
The same procedure is applied in order to seek H .

Discussion. Although this method gives insight into the theoretical concept of blind
deconvolution, it has several drawbacks that limit practical applicability. Firstly, the
method is very sensitive to noise. Secondly, it has a high complexity which makes it
difficult to deal with growing datasets. Finally, the algorithm is prone to numerical
instability for large datasets.

4.1.3. Autoregressive Moving Average

In the Autoregressive Moving Average (ARMA) approaches, the original image is
modeled as a autoregressive process

u(x, y) =
X

l,m∈Ra/(0,0)

a(l,m)u(x− l, y −m) + ν(x, y) . (4.15)

a is the set of autoregressive parameters and ν is an error term. Ra is the support
of the signal a and determines the causality of the random process. Most often a
so-called nonsymmetric half-plane (NSHP) causality is used in order to model the
process. Experience shows that for this causality, only three parameters (a(0, 1), a(1,
0) and a(1, 1)) are usually sufficient. This autoregressive model is valid in situations
where u is smooth and homogeneous, such as in photography. Equation (4.15) can be
rewritten in matrix vector notation by representing the two-dimensional functions as
vectors:

u = Au + ν . (4.16)

The degraded and observed image z is defined as usual:

z(x, y) =
X

l,m∈Rh

h(l,m)u(x− l, y −m) + η(x, y) . (4.17)
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Figure 4.2.: Principle of Iterative Blind Deconvolution

Very similar to above, this can be expressed in terms of matrix-vector notation:

z = Hu + η . (4.18)

Both (4.16) and (4.18) can be combined to

z = H(I−A)−1ν + η , (4.19)

where I is the identity matrix. The task is now to find the parameters of both A and
H . Knowing h, any image restoration technique can be applied in order to restore
the original image.

In order to overcome practical problems like instability and non-unique solutions
often an parametric model of the PSF is chosen. Methods in order to finally de-
termine the parameters divide into Maximum-Likelihood approaches (like e. g.
[57, 31]) and Generalized Cross-Validation approaches. A more detailed overview
of ARMA methods is beyond the scope of this thesis. For this overview, and also for
more literature references, the interested reader is referred to the excellent overview
paper of Kundur and Hatzinakos [29].

4.1.4. Iterative Blind Deconvolution

The basis for a new class of deconvolution algorithms was laid by Ayers and Dainty
in 1988 [2]. Figure (4.1.4) illustrates the general idea. One alternates between an
estimation of the kernel h based on the supposedly known image u and an estimation
of the image u based on the supposedly known PSF h. In order to make this iteration
successful, a priori constraints are imposed on u and h, e. g. that both of them are
nonnegative everywhere. Ayers and Dainty impose those constraints in the spatial
domain. After the estimation of u, they simply set all negative values to zero. The
same is done for h after its estimation.
The estimation itself is done by transformation into the Fourier space and then con-
structing the inverse filter. Of course, all the known problems of inverse filtering (e.
g. noise amplification, problem of dealing with values close to zero) apply to their
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approach. For details on how Ayers and Dainty deal with these problems the reader
is referred to their original paper.

Davey et al. [12] improve this somehow ingenuous approach in order to be able
to deal with noise and complex-valued images by introducing a Wiener-type filter.
They found that limiting the support of the PSF (another constraint on h) leads to an
accelerated and more stable convergence of the iteration.

Miura and Baba successfully applied a variant of this method for the deconvo-
lution of astronomical speckle interferograms [37]. Instead of just one convolved
observation, they dispose of N equally blurred observations. For each observation,
one deconvolution cycle is applied. This leads to N restorations (though not good
ones, since only one cycle was passed). Now, the new input for the next cycle is
calculated by averaging over these N images. Further improvements were made by
Tsumaraya et al. [61].

4.1.5. Simulated Annealing

Simulated Annealing [27] is an optimization procedure that has been successfully
applied to many scientific fields. The general idea is that one wants to find a para-
meter vector P that minimizes a given cost function C(P). In Simulated Annealing
a sequence of parameters P0, ...,Pk, ...Pn is evaluated. The parameter vector Pk+1

is found as follows: Pk is perturbed by a small random variation resulting in P̃. If
∆Q = Q(P̃) − Q(Pk) is below zero then Pk+1 is set equal to P̃. Otherwise, the pa-
rameter is still accepted with probability e−∆Q/T . T is called the temperature and
is initially set to a high value. Then, it decreases with the number of iterations (this
simulates the process of metal annealing and gives the method its name).
Simulated Annealing is a global optimization procedure, which means that it can
find a global minimum usually without getting stuck in local minima (however, one
can never be sure if this is the case). This is due to the temperature T which also
allows for parameter updates that increase the cost function.

McCallum [36] used this optimization scheme for the problem of blind deconvo-
lution. To this end, he defines the cost functional

Q(u, h) = ‖u ∗ h− z‖2 . (4.20)

Both f and h can be discretized and encoded into one parameter vector. Then, after
an optimization with simulated annealing, decoding of this parameter vector reveals
the sought f and g.

Though this algorithm delivers reasonable results even for noisy data, its compu-
tational complexity impedes its application on large data sets.

4.1.6. Nonnegativity and Support Constraints Recursive Inverse Filtering

Kundur and Hatzinakos presented a novel blind restoration technique in 1998 [30].
The only a priori knowledge they request before their method can be applied is that
the original image u is nonnegative, that the object of interest is surrounded by a
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uniform background of a known intensity LB (e. g. this could be simply a black
background) and that its support is known (the support is defined as the smallest
rectangle that surrounds the object of interest). They construct a cost function J(hinv)
which is subject to minimization. The parameter hinv that minimizes the cost func-
tion is an inverse filter that can then directly be used in order to restore the original
image. Accordingly, they name their new approach ”Nonnegativity and Support
Constraints Recursive Inverse Filtering” (NAS-RIF).

The cost function J is constructed in such way that the violation of the required
constraints will be punished. In order to do so, the current estimated reconstruc-
tion û = z ∗ hinv is projected into the space of images that do not violate any of
the constraints. This projection is denoted by ûNL and the cost function subject to
minimization is

J(hinv) = ‖ûNL − û‖2 . (4.21)

The exact definition of the projection is

ûNL(x, y) =

8><>:
û(x, y) if û(x, y) ≥ 0 and (x, y) ∈ Dsup

0 if û(x, y) < 0 and (x, y) ∈ Dsup

LB if ∈ Dsup

, (4.22)

where spatial positions within the set Dsup belong to the region of support and those
within Dsup are not part of it.

Kundur and Hatzinakos minimize this cost function with the method of conjugate
gradients. They also prove convexity of the cost functional J which implies that
convergence is guaranteed. For cases in which the support is not known, they also
provide a novel algorithm that determines this support automatically. Finally, they
compare their results with IDB blind restoration techniques. Simulation results of
the NAS-RIF method have demonstrated the algorithm’s improved speed of conver-
gence over the existing techniques, its superior convergence properties, and its lower
computational complexity.

4.1.7. Minimization of a Cost-Functional

In 1996, You and Kaveh [67] pick up an idea that originally was used in the simulated
annealing approach described previously. The idea is to formulate a cost function
that is subject to minimization:

Q(u, h) = ‖u ∗ h− z‖2 . (4.23)

This cost functional makes sure that the reconstructed image u convolved with the
reconstructed kernel h is similar to the observed image z.
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However, remembering that deconvolution is an ill-posed problem and even more
the blind case, constraints have to be imposed in order to make this optimization suc-
cessful. Since natural images usually consist of low frequency components, it seems
reasonable to encourage such solutions by punishing high frequency components in
both u and h. To this end, (4.23) is modified to

Q(u, h) =‖w1 · (u ∗ h− z)‖2

+‖w2 · (a ∗ u)‖2

+‖w3 · (b ∗ h)‖2 , (4.24)

where a and b are high-pass filters and w1, w2 and w3 are spatially varying weighing
parameters. The weighing allows for balancing the influence of the different regu-
larization terms.

Unfortunately, a direct minimization of (4.24) by making use of numerical mini-
mization methods like steepest descent or conjugate gradients has not been success-
ful. This is due to a scale problem whose identification is another contribution of
You and Kaveh in this paper. In order to circumvent this problem, similar to the
IDB method of blind deconvolution, a numerical scheme that alternates between the
restoration of u and h is used.

A different way for stabilizing the minimization of (4.23) is to use total variation.
As described in chapter 3, total variation punishes noise while conserving sharp
edges. In [62], Vogel and Oman show that it is sufficient to add a total variation
term to the cost function in order to blindly restore both u and h:

Q(u, h) = ‖u ∗ h− z‖2 + α
Z
Ω
|∇xu(x)|dx . (4.25)

Additionally, they derive a fixed-point iterative scheme and solve the resulting sys-
tem of linear equations with a novel preconditioned conjugate gradient method.

Total variation can also be applied to both the image u and the kernel h [10]:

Q(u, h) = ‖u ∗ h− z‖2 + α
Z
Ω
|∇xu(x)|dx + β

Z
Ω
|∇xh(x)|dx . (4.26)

This makes it even possible to restore a shift-variantly blurred image [68], though
only with the limitation of having an a priori blur model at hand.

4.1.8. Multi-Channel Deconvolution

As described above, Lane and Bates showed in 1987 that blind deconvolution from
a single image is principally possible. Their considerations hold for the case where
the convolved signal is completely observable. This scenario applies for some appli-
cations, e. g. in astronomy, where the object of interest is embedded in a uniform
background. However, in many applications it is not possible to receive a full ob-
servation of the convolved signal since the field of view is cut at the edges. Even
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though many algorithms work with this partial data, no theoretic results were estab-
lished until 1999.

In 1999, Harikumar and Bresler extend theoretic results established for the 1-D
case by Gurelli and Nikias [18] to the 2-D partial data signal recovery [21, 20]. They
show that even for partially observable data it is principally possible to get a perfect
reconstruction if there are at least three or more differently blurred observations of
the same scene available. The setting then can be denoted as

zi = u ∗ hi , (4.27)

where zi is the i-th observation, u the original image and hi the i-th kernel.
Harikumar’s and Bresler’s proves are based on some assumptions on the original
image and the kernels. For example, the hi have to be co-prime, which means that the
only common factor of their Fourier transforms is a scalar constant. That describes
the disparity of the channels that is necessary for the reconstruction. However, these
are quite mild assumptions and happen to apply in most of the considered scenarios.
Based on these considerations, they extend the EVAM algorithm proposed by Gurelli
and Nikias and show results on synthetically degraded data.

However, though the algorithm developed by Harikumar and Bresler has proven
to be successful for low-noise data in some practical applications [45], it has problems
with higher noise levels. In order to deal with this case, Šroubek and Flusser state a
cost function which includes necessary conditions derived by Harikumar and Bresler
but also punishes noise [42]:

1
2

NX
i=1

‖u ∗ hi − zi‖2 + α Q(u) + β R(h1, ..., hN ) (4.28)

Q(u) is a term that stabilizes u (a good choice is total variation) and

R(h1, ..., hN ) =
X

1≤i<j≤N

‖zi ∗ hj − zj ∗ hi‖2 (4.29)

imposes a condition from Harikumar and Bresler on the kernels. Intuitively it should
be clear that R has to be zero for the perfect solution: since zi = u ∗ hi it follows
that by using the z-transform that U = Zi/Hi and therefore Zi/Hi = Zj/Hj . Cross
multiplication and back transformation then yields R.

The final cost function that Šroubek and Flusser minimize then denotes as

1
2

NX
i=1

‖u ∗ hi − zi‖2 + α
Z
Ω
|∇u(x)|+ β

X
1≤i<j≤N

‖zi ∗ hj − zj ∗ hi‖2 . (4.30)

Optimization theory provides several ways for seeking a minimum. Šroubek and
Flusser derive first order optimality conditions by making use of calculus of varia-
tions.
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4.2. Shift-Variant Blind Deconvolution

As mentioned, for many real-life scenarios the shift-variant model is more adequate.
However, since for real applications a spatially variant PSF is often difficult to deter-
mine, the shift-variant models mostly lead to the blind deconvolution problem.

For the case of blind deconvolution, the lack of information is getting tremendous.
For each measured pixel, the original pixel intensity value as well as a respective PSF
have to be estimated.

As noted, many theoretical results about shift-invariant blind deconvolution rely
on some considerations made in the frequency space. The convolution theorem is
essential in order to get the connection between the spatial domain and the frequency
domain:

u ∗ h = F(u) · F(h) = U ·H . (4.31)

Unfortunately, for the shift-variant convolution this theorem does not hold. This
implies that many of the theoretic results of blind shift-invariant deconvolution are
not relevant.

Perhaps it is due to this fact, that literature for blind shift-variant deconvolution
is rare. To the best of our knowledge, currently there are no theoretical results that
state that shift-variant blind deconvolution is principally possible. The proposed al-
gorithms, as we will further see, seem to confirm this result: even for a noiseless
scenario heavy regularization techniques which provide a great deal of a priori in-
formation are needed.

4.2.1. Image Motion Degradation and Restoration

In 1972, Sawchuk studied the restoration of images that are spatially blurred due
to motion [47]. Motion blur in general is shift-variant unless the plane of interest
is moving parallel to the imaging plane without rotating. Accordingly, parts of the
object of interest that are close to the imaging plane suffer from more motion blur
than those that are farer away. If rotation is in the game, even parallel plane motion
is shift-variant.

Sawchuk states that at the time of writing his paper a shift-variant restoration is
computationally too complex even if the blur was known exactly. To this end, he
shows that by applying a coordinate transformation it is possible to spatially trans-
form the observed image such that only a shift-invariant restoration is necessary. Af-
ter this shift-invariant restoration the image can be back transformed. He describes
several typical special cases for shift-variant motion blur and applies his general
transformation method on these models.

4.2.2. Restoration of Blurred Images by Decision-Directed Filtering

Tekalp et al. describe a decision-directed filtering algorithm [58]. They assume that
a number of known shift-invariant point-spread-functions is available in advance
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and that the shift-variant blur can be described by a matching of each pixel to one
of the shift-invarinat PSFs. After accomplishing this model-based segmentation into
regions of distinct blurs, a region-by-region reconstruction of the original image is
performed.

4.2.3. Identification of a Class of Image Blur

Three years later, Özkan et al. make use of the local Fourier transform and so recon-
struct the image part by part [69]. For each rectangle, the already known method
of analyzing the zero crossings of the Fourier transformation is applied in order to
estimate a shift-invariant PSF. This is possible by a piecewise shift-invariant approx-
imation of an a priori blur model. Methods in order to estimate the real shift-variant
model from the approximated piecewise invariant model are presented. Finally,
Özkan et al. show some results for shift-variant motion blur.

It is important to note that this method only works for a slowly spatially varying
image blur.

4.2.4. Block-Adaptive Image Identification and Restoration

In the same year, Lagendijk and Biemond propose a method that similarly to the pre-
vious one assumes that the PSF is only slowly spatially varying such that a piecewise
reconstruction is justified. With difference to Özkan’s method, no a priori blur model
is needed. Instead, an expectation maximization algorithm working with an ARMA
model is applied.

The main problem that arises with this approach is that due to the subdivision
in several blocks, only very few data that can be used for reconstruction is available.
The larger the blocks are, the more data is on-hand and the more stable is the method
- however, at the cost of a worse approximation to the unknown shift-variant PSF.

4.2.5. Identification and Restoration of Motion Blurs in Sequential Images

In 1992, Trussel and Fogel investigate on a more general method for blind motion
blur deconvolution than the one given by Sawchuck [60]. No a priori model for
the blur is required and so, on the one hand, much theoretical preliminary work is
spared. On the other hand, this method is also applicable in cases where a theoretical
model is not available.

Of course, all these advantages do not come for nothing: Trussel and Fogel assume
that a sequence of images is available. As before, these images are subdivided into
smaller blocks. Two images of a sequence suffice in order to robustly determine the
direction and magnitude of the movement for each of the blocks. This is done by a
previously published method of Fogel. Then, the velocity vectors of each block give
rise to the direction of blurring by assuming that the blurring is shift-invariant for
each of the blocks.

Once the PSF for each block is established, a modified version of the Landweber
method (denoted as ”Sectioned Landweber Iteration” by Trussel and Fogel) is used



36 4. Blind Deconvolution

for reconstruction.

4.2.6. POCS-Based Restoration of Blurred Images

Computational complexity of the restoration, even if the point-spread-function is
known in advance, is a big challenge. To this end, Özkan et al. propose a new algo-
rithm based on a modification of the method of projection onto convex sets (POCS)
in order to make it applicable to the shift-variant case [70]. Different from many
previous methods, this allows for a computationally efficient reconstruction for any
type of spatially varying PSF, if it is known in advance. Thus, literally speaking, each
pixel can have its own shift-invariant PSF.

The remaining problem however is still the estimation of the PSF, and Özkan et al.
rely on their previously described paper that assumes that a blur model is known
in advance. Its parameters then are estimated by dividing the image into small sub-
regions and estimating shift-invariant PSFs for each subregion. Finally, the shift-
variant PSF is sought according to the model based on the subregions’ PSFs.

Özkan et al. show experimental results for parameterized out-of-focus blur and
motion blur. They use synthetically degraded data in order to compare the mean-
squared-error (MSE) of the reconstruction to the MSE of the original image. Recon-
structions for the actually known blur function are compared to the restoration with
an estimated blur function (using their previously published method).

Since, according to their results, the restoration with the known blur function is far
better compared to the estimated blur, it can be concluded that a remaining problem
is the robust estimation of shift-variant blur.

4.2.7. A Regularization Approach to Blind Restoration of Images

As described for the blind and shift-invariant case, it is possible to construct a cost
function which is then subject to minimization. You and Kaveh show that the same
principle can be applied to shift-variant deconvolution [66]. As in the shift-invariant
case, the image is regularized by assuming piecewise smoothness, e. g. by making
use of total variation.

However, some additional assumptions have to be made. The tremendous lack
of information in order to restore the shift-variant PSF has to be filled by regular-
ization. To this end, You and Kaveh propose to also use piecewise smoothness as-
sumptions. However, if we recall that in the two-dimensional case, the PSF is a
function of four variables (two in order to determine the spatial position, and two
for the two-dimensional shape), the question arises with respect to which of those
variables piecewise smoothness has to be assumed and what the meaning is. Con-
cerning the transitions, piecewise smoothness greatly reduces the space of feasible
solutions, since its incorporation into the cost function implies that quickly spatially
varying functions are discouraged. Concerning the remaining variables, piecewise
smoothness has the same effect as for the image. There is a huge amount of practical
situations where this also makes sens (e. g. for motion blur and out-of-focus blur).
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All these assumptions still do not suffice for a good restoration, and so You and
Kaveh additionally assume that a theoretic blur model is available. They present a
result for horizontal motion blur applied to a synthetic image.

This method is extended and theoretically more thoroughly studied in [67] and
[68].
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5. Classification of Deconvolution

We already mentioned that there exist many reasonable ways of classification. We
did not want to structure our review based on a rigorous classification since an un-
balanced structure would have been the result. Nevertheless a knowledge about
some possible classes is important for a deeper understanding of deconvolution.

5.1. Blind vs. Non-Blind

The classical image restoration problem, where one wants to estimate the original
image based on an observation and the PSF is usually referred to as the non-blind
deconvolution problem. As already discussed, applications for this problem are rare
and a more interesting question is to retrieve both the original image and the PSF
from one or more observations.

5.2. Shift-Variant vs. Shift-Invariant

Shift-Invariant deconvolution comprises deconvolution methods that try to decon-
volve images based on a shift-invariant model. Accordingly, shift-invariant decon-
volution assumes a shift-invariant model, where the PSF is varying over the spatial
coordinate space and is not constant. The two cases were already thoroughly dis-
cussed.

5.3. Two Step vs. Iterative

This classification only holds for blind restoration methods. Two step procedures are
characterized by a strict separation of the estimation of h and u. First, h is sought.
Then, any of the well studied classical image restoration methods can be applied.
Typical representatives of two step procedures are the frequency domain methods.

Most of the studied methods are iterative and the retrieval of u and h can not be
separated. Experience has shown that iterative methods are more stable and usually
show a better performance for noisy data.

5.4. Frequency Domain vs. Spatial Domain

Some of the reviewed methods work in the frequency domain, while others stay in
the spatial domain. There are also hybrid methods that make use of both domains,
as for example the Iterative Blind Deconvolution algorithm, where the estimation of



40 5. Classification of Deconvolution

the image or the PSF takes place in the frequency domain and the constraints are
imposed in the spatial domain.

5.5. Regularization

Whether blind or non-blind, image deconvolution is an ill-posed problem. That
means, without adding information many solutions exist. Adding enough infor-
mation renders the problem well-posed. This addition of information is referred to
as regularization.

All of the presented methods use some kind of regularization (even if the authors
do not explicitly mention the term ”regularization”). In classical image restoration
regularization focuses on the image (since the PSF is assumed to be already known).
In blind image restoration, not only the image but also the PSF have to be sought,
and so both of them form part of the parameter space that has to be regularized.

In the following, we will propose classes for the regularization of the image and
the PSF. Sometimes an algorithm applies to only one of these classes, but more often
several methods of regularization are chosen and accordingly it can be categorized
in more than one class.

5.5.1. Regularization of the Image

• Early Abortion of Iteration. We already noted that aborting e. g. the Landwe-
ber iteration before convergence is a form of regularization.

• Smoothness. Often smooth images are encouraged as a solution by adding a
dedicated term to a cost function.

• Total variation proved to be better than smoothing since it preserves sharp
edges.

5.5.2. Regularization of the Point-Spread-Function

• Theoretic Blur Model. By assuming a known theoretic blur model, the space
of feasible solutions greatly reduces and the only remaining task is to find the
model’s parameters. Apart from motion blur or out-of-focus blur it is often
difficult to find the right model. In many cases such a model even does not
exist.

• Multiple Observations. If possible, a more natural way of adding information
is to use multiple differently blurred observations of the same scene. There are
two possible subclassifications:

– Each of the observed images is blurred differently. This setting applies e.
g. in astronomy, where the imaging characteristics change over time and
thus differently blurred observations are easily obtained by just leaving a
certain amount of time in between the acquisitions.
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– Each of the observed images is blurred equally, but the observations are
spatially transformed (e. g. rotated, translated) one to each other. This
setting is the one we aim at in this thesis. Further details will be given in
the next chapters.

• Degree of Shift-Variance. For a shift-variant PSF, a possible assumption is that
the PSF varies only slowly in the spatial domain. In discrete terms, where one
PSF is assigned to each pixel, this means that PSFs of the close neighborhood
of a pixel will be very similar one to each other.
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Part II.

A New Method for Multi-View
Deconvolution





6. Alternating Optimization for Multi-View Blind
Shift-Variant Deconvolution

As seen, for many practical applications it is necessary to assume a shift-variant
model. The PSF has to be either theoretically determined, measured, or a blind de-
convolution algorithm has to be used. Until the current day, all of these approaches
comprise disadvantages (depending on the scenario). On the one hand, a theoreti-
cal determination or a measurement of the PSF involves a detailed knowledge about
the physics of the imaging process and can be difficult, time-consuming or not even
possible. On the other hand, the shift-variant blind deconvolution has - to the best
of our knowledge - so far only been addressed by making a priori assumptions about
the shape of the PSF, for example that the PSF is a Gaussian or an instance of motion-
or out-of-focus blur.

Consequently, for the shift-variant model, up to now there exists no general method
that accomplishes deconvolution without having to adapt it to the particular imag-
ing process.

To this end, we propose a new method which overcomes these drawbacks by in-
troducing a general framework for blind deconvolution. The main idea is to use
multiple observations of the same scene. By using multiple images, our method ac-
counts for the severe lack of information present in the standard blind deconvolution
problem. We experimentally show that few observations can yield a high-quality
restoration of both the original image and the shift-variant PSF. Since no parame-
trization or estimation of the PSF is needed, the method is easily applicable in many
different settings.

The proposed framework incorporates the information about the transformation
between the single observations. Here any arbitrary transformation, rigid as well
as non-rigid, can be used. This is important in biomedical settings where non-rigid
deformations of the object can occur between the single scanning procedures. Fur-
thermore, the method automatically uses the maximum number of available mea-
surements for a certain image point. This way, even outside the overlapping area
of all images, the maximally available information is automatically used. This also
allows us to include information about damaged parts of an image in a straightfor-
ward manner.

An example for the general scenario to which our method is applicable is shown
in Figure 1.1. The object of interest is rotated and translated between the observa-
tions. The observations together with the transformations are used as input for our
method. This scenario is already present or can easily be constructed for numerous
applications in biomedical imaging modalities such as confocal microscopy, two-
photon microscopy, optical coherence tomography and ultrasound. Transformations
between the single observations can be acquired by image registration [23, 35] or
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(a) One of the observations (b) Reconstruction by our method

Figure 6.1.: Simple example for shift-variant blind deconvolution. Please note that
the observation depends on the spatial position because of the spatially-variant PSF.

tracking. A more comfortable and less error-prone way is to use dedicated devices
which have in-built capabilities of providing the transformation (as done by Swoger
et al. [56]).

Our method contributes to a large class of multi-view applications by improving
the process of image restoration and thus allowing one to acquire images of higher
quality by using the existing hardware setup.

6.1. Model

We use the following model of image formation

zi = (u ◦ ϕi) ? h + η , (6.1)

where zi ∈ F is the actual measurement, u ∈ F is the original image, ϕi : Ω → Ω is
the spatial transformation between measurement and original image, h is the point-
spread-function and η ∈ F is the noise.

In presence of noise, we cannot assume that zi = u(ϕi) ? h holds exactly, so we
formulate the cost function which is subject to be minimized as

D[u, h] =
1
2

PX
i=1

Z
Ωi

ei(x)2 dx , (6.2)

where we suppose to dispose of P measurements. ei(x) is an error term that mea-
sures the difference of the convolved real image to the measurements at position x

ei(x) = (u ◦ ϕi) ? h− zi (6.3)

=
Z
Ω

u(ϕi(ξ))h(x, ξ−x) dξ− zi(x) . (6.4)
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The set Ωi denotes the overlapping domain of the original image u and the image
transformed by ϕi.

The problem of minimizing the functional from Equation (6.2) is ill-posed. In order
to render the problem well-posed we introduce regularizing terms U and H. While
U operates on the image u, the term H imposes restrictions on the point-spread-
function h.

So we define the regularized functional J : F × F → R to be minimized which
models the problem as

J [u, h] = D[u, h] + αU [u] + βH[h] . (6.5)

Here, the positive real coefficients α and β determine the influence of the respective
regularization term.

Additionally, since we assume to deal with an intensity PSF, we want to restrict
h to zero and positive values, that is, h(x, s) ≥ 0. We also assume that the imaging
system neither emits nor absorbs energy and so the PSF has to be normed to one at
every spatial position x in the image , that is

R
Ω h(x, s) ds = 1. The final goal then is

to find functions u and h that minimize J subject to constraints, that is, compute

argmin
u,h

J [u, h] (6.6)

subject to

h(x, s) ≥ 0 ∀x, s ∈ Ω (6.7)

and
Z
Ω

h(x, s) ds = 1 ∀x ∈ Ω . (6.8)

Regularization Term U . Total variation [46] has proven to be a very successful
method for image regularization since it discourages noise while edges are preserved

U [u] =
Z
Ω
|∇xu(x)| dx . (6.9)

This regularization term penalizes too large gradients in the image to be recon-
structed.

Regularization Term H. As mentioned, the lack of information due to the shift-
variant PSF is tremendous. In order to account for this lack of information and the
resulting ill-posedness of the problem, we introduce a regularization term H which
operates on the PSF. Coming back to the idea that a shift-variant PSF can be con-
sidered as a set of shift-invariant PSFs for each pixel x, the regularization term H
penalizes the difference between the shift-invariant PSFs at neighboring pixels. It is
important to note that this regularization will not impose smoothness with respect
to the second parameter. This means that not the single shift-invariant PSFs but the
transitions between them are required to be smooth.
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In summary, the regularization termH penalizes large changes of the PSF between
neighboring points by measuring the norm of the gradient with respect to the first
parameter of h

H[h] =
ZZ

Ω
|∇xh(x, s)|2 ds dx . (6.10)

6.2. Algorithm

The main difficulty of blind deconvolution in general is that we neither have u nor h.
For this type of problem, You and Kaveh identify a scale problem [67] and so justify
an algorithmic scheme that is alternating between the calculation of h and u. For the
calculation of h we assume that u is given, and for the calculation of u we assume h
to be given. These two steps are executed alternately until convergence

(i) h← argmin
h
J [u, h] subject to (6.7) and (6.8) (6.11)

(ii) u← argmin
u
J [u, h] . (6.12)

What remains now is to define the optimization methods for steps (6.11) and (6.12).
This will be done in the next two sections.

6.2.1. Solving for the Shift-Variant PSF

Assuming that u is a fixed constant, (6.11) can be expressed as

h← argmin
h

D[u, h] + βH[h] s. t. (6.7) and (6.8) . (6.13)

The regularization termH from (6.10) can be rewritten asZZ
Ω

X
i

�
∂

∂xi
h(x, s)

�2
ds dx . (6.14)

After discretization, the minimization problem can be expressed by the following
constrained least-squares problem

h← argmin
h

������������

26666664

U1
...

UN

Gx1

Gx2

37777775h−

26666664

z1
...

zN

0
0

37777775

������������

2

(6.15)

subject to

hi ≥ 0 ∀i ∈ N (6.16)
and Nh = 1 . (6.17)

As mentioned earlier, Ui is a discrete representation of the convolution operator.
The transformation ϕi is already encoded in Ui. Note that each row has at most o · p
non-zero entries and thus Ui is highly sparse. Gxi is a sparse matrix that represents
the partial differential operator ∂

∂xi
.
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6.2.2. Solving for the Image

If we assume that h is a fixed constant, (6.12) can be expressed as

u← argmin
u

D[u, h] + αU [u,∇xu] . (6.18)

A necessary condition for a minimum of a functional is that the Gâteaux derivative
vanishes for all perturbations

δfF [f ;φ] =
F [f + εφ]−F [f ]

ε
= 0 . (6.19)

By making use of the linearity of (6.18) we get

δuD[u, h;φ] = −α δuU [u,∇xu;φ] . (6.20)

The derivation of the left side is similar to the one shown by You and Kaveh [68].
The difference is that in our case we have a sum over several error terms and a
transformation of u by ϕi. Adapting this derivation (as shown in the appendix), the
left side turns out to be

Z
Ω

"X
i

Z
Ωi

ei(ξ + ϕ−1
i (x))h(ξ + ϕ−1

i (x), ξ) dξ

#
φ(x) dx . (6.21)

A derivation of the right side is shown by Rudin et al. in [46]. The problem of
the total variation being not differentiable everywhere is circumvented by using an
approximation of the Euclidean norm by | · |ε =

ÈP
i f(xi)

2 + ε2 (compare [62]).
Then, (6.9) becomes

Uβ [u] =
Z
Ω

È
|∇xu(x)|2 + β2 dx , (6.22)

and its Gâteaux derivative isZ
Ω
∇>x

1È
u2

x1
+ u2

x2
+ β2

∇xu · φ(ξ) dξ . (6.23)

Putting both sides together and taking into account that the resulting equation
must hold for any arbitrary perturbation φ we finally yield the following partial dif-
ferential equation (PDE)

X
i

Z
Ωi

ei(ξ + ϕ−1
i (x))h(ξ + ϕ−1

i (x), ξ) dξ (6.24)

= −α∇>x
1È

u2
x1

+ u2
x2

+ β2
∇xu .

The image which is subject to reconstruction is found by solving this PDE.
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Discretization. As already mentioned, in discrete terms, we represent functions by
vectors. Integrals and partial derivatives (by using finite differences) can then be
easily expressed as matrix vector products. The discretization of (6.24) then isX

i

T>
i H†Zi (HTiu− zi) = −α G>

x D(u)Gxu . (6.25)

On the left side, the term HTiu − zi approximates ei. Ti discretizes the transfor-
mation ϕi. H encodes the shift-variant convolution with h. Zi is a diagonal matrix
with entries one or zero and so takes care of the fact that the error term is only eval-
uated on the set Ωi. H† denotes the outer integral. Instead of first transforming both
ei and h and then integrating, the discretization first integrates and then applies the
inverse transformation ϕ−1

i (discretized by T>
i ) on the result.

On the right side of (6.25), the matrix vector product Gxu is the finite difference
approximation of ∇xu. D(u) is a square matrix that represents the fraction.

Note that since there are only slight differences between the outer integral of (6.25)
and the convolution integral in ei (the first parameter of h depends on the integration
variable ξ, the sign of the integration variable ξ is the same in both e and h) it is not
surprising that the matrix H† is related to H. In fact, if we assume that the PSF h
varies only slowly with the spatial position, H† can be approximated by H>.

Numerical Solution Scheme. Having discretized the problem in equation (6.25),
the last step is to present the actual numerical scheme for solving the problem. The
dependency of D on u makes the problem nonlinear. In order to deal with this
problem, we formulate a fixed point equation u = ρ(u) as

u =

("X
i

T>
i H†ZiHTi

#
+ αG>

x D(u)Gx

)−1

+
X

i

T>
i H†Zizi . (6.26)

Here, the inverse is merely a notation for a method solving a linear equation. In
practice we use the method of conjugate gradients. This fixed point scheme directly
leads to the following iteration

u(i+1) = ρ(u(i)) . (6.27)
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In order to perform a quantitative evaluation we use a simulation of the degradation
process with a known ground truth. Since we want to simulate a realistic scenario,
we use real images to represent the actual object to be scanned. Using synthetic data
has several advantages over the real-life scenario:

• The original data is known and so the restored data can be compared directly.

• One is sure that the assumed model (convolution and noise) is given, and no
other disturbing effects are present.

• Many sources of errors, e. g. misregistration, are avoided.

There are several possible criteria for evaluation. Some are related with the result
itself, like the quality of reconstruction. Others are giving rise about the algorithm,
for example its computational complexity or memory complexity.

In this evaluation, the attention is drawn to the quality of restoration. To be more
precise, we measure the quality of reconstruction by computing the similarity of the
reconstructed image to the original image. However, this is not yet precise enough.
In fact, it is very difficult to measure similarity from the point of view of the human
visual system objectively. It is beyond the scope of this thesis to give an overview
of the respective literature, and as a starting point for the interested reader we rec-
ommend [13, 63] and [64]. In the end, the reader has to form his personal opinion
about the restoration quality by visual inspection and therefore we always present
the reconstructed results.

In the existing literature, various measures are used. Among them are the mean
squared error (MSE) [70], the signal-to-noise ratio improvement [67], the percentage
mean squared error (PMSE) [30, 42] and the percentage root mean squared error
(PRMSE) - just to name a few.

We decided to use the PMSE, since it is independent of the image size and sam-
pling values:

PMSEv = 100
|v − vorig|2

|vorig|2
. (7.1)

This similarity measure can be used to compare the similarity of the reconstructed
image to the original image as well as the similarity of the reconstructed PSF to the
original PSF. In case of the image similarity, it is important to note that our algorithm
strongly relies on overlapping areas. So, for parts where no information from other
observations is available, the reconstruction is worse. To take this into account, v
contains only those parts of the image for which corresponding elements in all the
other observations are available.
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Among many factors that might influence the restoration quality, we focus on the
following ones:

1. Level of noise

2. Spatial transformation

3. Number of available observations

4. Point-spread-function

5. Image subject to restoration

There is an unlimited number of combinations of these factors. For instance, it is
possible that the number of observations does not influence the general performance
in the noise-free case, but for noisy images it has a big influence. Or, a certain type of
PSF might work well in combination with some spatial transformation, and it does
not for others. Especially in the shift-variant case it can be expected that translations
have a big effect on the restoration, whereas in the shift-invariant case only rotations
or other deformations will have influence. Under these aspects it is very difficult to
give a good picture about the connection of these factors. Even worse, there may be
more factors we did not think of.

For the simulation, we perform the following steps for in order to generate the
degraded observations:

• Rotation and translation

• Convolution/Blurring

• Addition of white Gaussian noise

We state the noise level by the signal to noise ratio SNR = Pzi/PNoise, where the
signal power Pzi is the power of the measurements zi and PNoise is the noise power.
With the noise power defined as the variance of the noise σ2, and using the logarith-
mic decibel scale we yield

SNR(dB) = 10 log
PP

i=1 z>i zi

P ·m · n · σ2
. (7.2)

7.1. Two-Dimensional Shift-Invariant Blind Restoration

Level of noise. We applied our method to a photograph of a cameraman that is
often used in the literature. The photograph is blurred by a PSF that consists of a
horizontal strip of one pixel height and seven pixel width. Two observations are
used, the second one is rotated by ninety degrees. Different levels of noise were
applied. Figure (7.1) shows the results of the reconstruction and Figure (7.1) shows
the evaluation of the PMSEs.
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Spatial transformation. In order to find out about the relation between the recon-
struction quality and the spatial transformation, in this experiment we rotate the
second observation only about 45◦ and compare it to the previously about 90◦ ro-
tated example. Figure (7.3) and (7.1) show that although visually the two results are
hardly distinguishable, the reconstruction for 90◦ worked better. Additionally, the
convergence in the 90◦ case is faster.

Number of Available Observations As shown by Figure (7.5) and Figure (7.1),
using four observations instead of only two significantly improves the reconstruction
result.

Point-Spread-Function. As mentioned, our algorithm takes advantage of addi-
tional information that is available in several observations. However, whether ro-
tated observations really provide more information depends on the PSF. Therefore,
we will expect that for example it is not possible to restore a blurring by a disc-shaped
PSF. Figure (7.7) and Figure (7.1) confirm this assumption.

Image subject to restoration. Figures (7.9) and (7.1) show the evaluation for other
images. As expected, the restoration quality and the speed of convergence depend
on the provided image. However, the question remains which image characteristics
exactly are responsible for that and how they influence the restoration.

7.2. Two-Dimensional Shift-Variant Blind Restoration

Also for the shift-variant case we can suppose that the restoration results depend
on the level of noise, the spatial transformation, the number of available observa-
tions, the point-spread-function and the image subject to restoration. Due to time
constraints, we are not able to study the restoration results in the same detail as we
did for the shift-invariant case and focus on the in our opinion most interesting as-
pects: the dependency of the reconstruction quality on the noise level and the image
subject to reconstruction.

Level of Noise In our opinion it is quite obvious that the interesting question is not
whether noise affects the restoration results, but up to which noise level reasonable
reconstructions are still possible. Figure (7.11) and Figure (7.2) show that even up
to a SNR of 10 dB a better result is obtained. We also see that for higher levels of
noise it is better to stop the algorithm earlier. This might be due to the fact that
there, the deconvolution part of the method converges earlier. Then, only denoising
is performed at each iteration, and since the image is already denoised after few
iterations, any further denoising worsens the result.

Image Subject to Reconstruction Especially for the shift-variant case, we expect
that the image itself plays an important role. The main reason is that the image
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has to provide information that can be used for estimation of the PSF at every spatial
position. Large uniformly colored areas for example can not provide any information
about the PSF. In the shift-invariant case, this was not a problem since other parts of
the image can still provide enough information.

This expectation is confirmed by Figure 7.13 and Figure 7.2, which show restora-
tions of a random pattern. The random pattern provides structure at any spatial
position, and the shift-variant setting greatly benefits from this additional informa-
tion.

7.3. Comparison to Other Blind Deconvolution Methods

It is very difficult to compare our algorithm to other methods. The vast majority of
available methods make use of one observation, and therefore dispose of fewer data
than we do in our setting. It is intuitively clear that this makes them much more
prone to noise and our review of the more recent literature confirms this feeling.

7.3.1. Shift-Invariant Blind Methods

Chan and Wong work with noisy real-life data, but do not make a quantitative eval-
uation for noisy synthetic data [10]. Kundur and Hatzinakos mostly apply the NAS-
RIF algorithm on noise-free data [30]. The lowest SNR that they evaluate is 40 dB. At
this level, their algorithm is instable and if the iteration with the best result is manu-
ally chosen, the PMSE is approximately 1. Both You and Kaveh [68] and Bar et al. [4]
use a parameterized PSF. The results shown compare the similarity of the PSF, but
not the similarity of the reconstructed image to the original image. Additionally, the
lowest noise level investigated in their work is 30 dB.

There are only very few methods we are aware of that deal with our multi-view
scenario. Among many of them no quantitative comparison between the recon-
structed image and the original image is made [26, 24, 54, 56, 23, 50].

The only multi-view publications we are aware of that provide a quantitative
evaluation of the reconstruction quality of the image are by Harikumar and Bresler
[21, 20] and Šroubek and Flusser [45, 42, 43, 44]. The MC-AM algorithm of Šroubek
and Flusser can be seen as an extension of the EVAM algorithm by Harikumar and
Bresler, and so we will only compare our method to the MC-AM algorithm.

Note that a comparison of our method to the MC-AM has to be taken with a pinch
of salt. On the one hand, the MC-AM can be applied to our setting, but it is more
general: it assumes that each of the observations is blurred by a different PSF (refer to
chapter 4 for an overview of their method). On the other hand, we already saw that
the performance of the reconstruction depends on various factors like the content of
the image and the PSF.

Since the setting for our method is more restrictive in the shift-invariant case, it
can be expected that the additional knowledge we incorporate leads to better results
of our algorithm for high noise levels. Figure (7.3.1) shows some of Šroubek’s and
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Flusser’s restorations and seems to confirm our expectation. This is further backed
by Table (7.3).

7.3.2. Blind Shift-Variant Methods

Comparison with shift-variant blind methods is even more difficult. There is very
few literature that is showing results. We did not see any publication that is dealing
with a multi-view setting in the shift-variant case. All the papers we are aware of
use parameterization in order to face the tremendous lack of information present in
this case.

Nevertheless we want to show at least one other example of blind shift-variant
restoration. You and Kaveh assume horizontal motion blur [68]. They degrade a
synthetic image of three discs with a horizontal motion blur that is stronger at the
vertical middle of the image than at the vertical borders
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(a) Original image (b) 1st obs. (50dB) (c) Rec. (50dB)

(d) 1st obs. (40dB) (e) Rec. (40dB) (f) 1st obs. (30dB) (g) Rec. (30dB)

(h) 1st obs. (20dB) (i) Rec. (20dB) (j) 1st obs. (10dB) (k) Rec. (10dB)

(l) Original PSF (m) Rec.
(50dB)

(n) Rec. (40dB) (o) Rec. (30dB) (p) Rec. (20dB) (q) Rec. (10dB)

Figure 7.1.: Results of our blind deconvolution method for the cameraman with
different levels of noise. Two observations were used for reconstruction, only the
first one is shown in this Figure. The second observation is rotated by 90 degrees
and is distorted with the same blur and SNR as the first one.
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Figure 7.2.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.1). The 0-th iteration is the initial guess for the image.

(a) Original image (b) 1st obs. (90 and 45
degree)

(c) Rec. (90 degree) (d) Rec. (45 degree)

(e) Original PSF (f) Rec. (90 degree) (g) Rec. (45 degree)

Figure 7.3.: Results of our blind deconvolution method for the cameraman at 50 dB
noise level for two different angles. For each case, two observations were used for
reconstruction, only the first one is shown in this Figure.
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Figure 7.4.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.3). The 0-th iteration is the initial guess for the image.

(a) Original image (b) 1st obs. (two and
four obs.)

(c) Rec. (two obs.) (d) Rec. (four obs.)

(e) Original PSF (f) Rec. (two obs.) (g) Rec. (four obs.)

Figure 7.5.: Results of our blind deconvolution method for the cameraman at 10
dB noise level. In the first case, two observations (at 0 and 90 degree) are used.
In the second case, four observations (at 0, 45, 90 and 135 degree) are available for
restoration.
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Figure 7.6.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.5). The 0-th iteration is the initial guess for the image.

(a) Original image (b) 1st obs. (PSF a) (c) Rec. (PSF a)

(d) 1st obs. (PSF b) (e) Rec. (PSF b) (f) 1st obs. (PSF c) (g) Rec. (PSF c)

(h) Orig. PSF a (i) Rec. PSF a (j) Orig. PSF b (k) Rec. PSF b (l) Orig. PSF c (m) Rec. PSF c

Figure 7.7.: Results of our blind deconvolution method for the cameraman with
different point-spread-functions. In each case, three observations at angles of 0, 45
and 135 degrees are used for reconstruction.
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Figure 7.8.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.7). The 0-th iteration is the initial guess for the image.

Description PMSE
Cameraman, 50 dB, two observations (90 deg), horizontal PSF 0.091
Cameraman, 40 dB, two observations (90 deg), horizontal PSF 0.096
Cameraman, 30 dB, two observations (90 deg), horizontal PSF 0.38
Cameraman, 20 dB, two observations (90 deg), horizontal PSF 1.8
Cameraman, 10 dB, two observations (90 deg), horizontal PSF 3.8
Cameraman, 50 dB, two observations (45 deg), horizontal PSF 0.26
Cameraman, 10 dB, four observations (45 deg, 90 deg, 135 deg), horizontal PSF 0.047
Cameraman, 50 dB, three observations (45 deg, 90 deg, 135 deg), PSF a) 2.9
Cameraman, 50 dB, three observations (45 deg, 90 deg, 135 deg), PSF b) 0.14
Cameraman, 50 dB, three observations (45 deg, 90 deg, 135 deg), PSF c) 8.19
Neurons, 50 dB, two observations (90 deg), horizontal PSF 0.41
Random pattern, 50 dB, two observations, (90 deg), horizontal PSF 6.85

Table 7.1.: Overview of final PMSE for the blind shift-invariant case.

Description PMSE
Random Pattern, 50 dB 3.8079
Random Pattern, 40 dB 3.8258
Random Pattern, 30 dB 4.0666
Random Pattern, 20 dB 4.6372
Random Pattern, 10 dB 14.2224

Table 7.2.: Overview of final PMSE for the blind shift-variant case.
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(a) Original neurons (b) 1st observation (c) Reconstruction

(d) Orig. random pattern (e) 1st observation (f) Reconstruction

(g) Orig. PSF (h) Rec. PSF neurons (i) Rec. PSF random pattern

Figure 7.9.: Results of our blind deconvolution method for an image of hippocampal
rat neurons and a random pattern. In each case, two observations at angles of 0 and
90 degrees are used for reconstruction. The noise level is 50 dB.
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Figure 7.10.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.9). The 0-th iteration is the initial guess for the image.

SNR PSME (EVAM) PMSE (MC-AM) PMSE (Our Method)
50 dB 2.31 2.29 0.091
40 dB 6.90 4.04 0.096
30 dB 20.92 7.03 0.38
20 dB n/a 12.93 1.8
10 dB n/a 21.86 3.8

Table 7.3.: Comparison of our method to the EVAM algorithm by Harikumar and
Bresler [21, 20] and the MC-AM by Šroubek and Flusser [42]. Note that the compar-
ison has to be taken with care, since from a visual inspection we suppose that the
initial PMSE used in the EVAM and MC-AM examples is much higher. Additionally,
our method was applied to a different setting (see text for details).
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(a) Original image (b) First observation
(50dB)

(c) First observation
(20dB)

(d) First observation
(10dB)

(e) Other observations
(50dB)

(f) Reconstruction for
50dB noise

(g) Reconstruction for
20dB noise

(h) Reconstruction for
10dB noise

(i) Original shift-variant
PSF

(j) Reconstructed PSF
(50dB)

(k) Reconstructed PSF
(20dB)

(l) Reconstructed PSF
(10dB)

Figure 7.11.: Results of our blind-deconvolution method on an image of hippocam-
pal rat neurons. We yield high-quality reconstructions of the images and the PSF.
(a) The original image. (b)(c)(d) First observations for different noise levels (50dB,
20dB and 10dB respectively). Shift-variant filtering with a synthetic ground truth
PSF is applied to the first observations. (e) Shows the other three observations. Here,
the shift-variant PSF is applied after rotation and translation and subsequently uni-
form noise of the respective level is added. (f)(g)(h) Reconstruction computed by
our method from the observations for the respective noise levels. (i) Ground truth
shift-variant PSF used for generating the observations. The shift-variant PSF is com-
posed of a non-isotropic Gaussian distribution for every image point, with strongly
varying orientations. The single Gaussians are discretized by a 7 × 7 filter. Due to
space limitation, only a certain area of the PSF is displayed. Note that in this small
area the orientation of the Gaussians already changes by approximately 45 degrees.
(j)(k)(l) Reconstructions of the PSF for the respective noise levels.
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Figure 7.12.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.11). The 0-th iteration is the initial guess for the image.
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(a) Original image (b) First observation
(50dB)

(c) First observation
(20dB)

(d) First observation
(10dB)

(e) Other observations
(50dB)

(f) Reconstruction for
50dB noise

(g) Reconstruction for
20dB noise

(h) Reconstruction for
10dB noise

(i) Original shift-variant
PSF

(j) Reconstructed PSF
(50dB)

(k) Reconstructed PSF
(20dB)

(l) Reconstructed PSF
(10dB)

Figure 7.13.: Results of our blind-deconvolution method for a random pattern. The
process of image formation and the PSF is the same as in the previous neuron exam-
ple.
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Figure 7.14.: Evaluation of the percentage mean squared error for the images shown
in Figure (7.2). The 0-th iteration is the initial guess for the image.

(a) 1st Obs. Šroubek, 20
dB

(b) Rec. Šroubek, 20 dB (c) 1st Obs. Šroubek, 10
dB

(d) Rec. Šroubek, 10 dB

(e) 1st Obs. Our
method, 20 dB

(f) Rec. Our method, 20
dB

(g) 1st Obs. our
method, 10 dB

(h) Rec. Our method,
10 dB

Figure 7.15.: Comparison of our method to the MC-AM by Šroubek and Flusser [42].
For the MC-AM algorithm, three observations are used in each case. Our method is
applied on two observations, the second one rotated by 90◦. The percentage mean
squared error between the original image and the our reconstructions is significantly
better (compare Table (7.3)). However, it can be clearly seen that the degradation in
(a) and (c) is heavier than in (b) and (d).



8. Application on Medical Data

We apply our method on two different ultrasonic datasets. The first one is acquired
by ourselves with a Siemens SONOLINE Antares © three-dimensional ultrasound
machine, shown in Figure 8.1a. The second one is taken from Soler et al. [51].

8.1. Abdominal Phantom

The Siemens SONOLINE Antares © is a three-dimensional ultrasound machine that
acquires a fan of two-dimensional planes, as shown in Figure 8.2a. Depending on
the parameters, the acquisition takes a few seconds. Knowing the geometry of the
setup, a three-dimensional image can be reconstructed.

From visual inspection of the reconstructed volumes, the in-plane resolution is sig-
nificantly better than the out-of-plane resolution. Our assumption is that the reason
for this lack of resolution is blurring by an anisotropic PSF that is extended in the
direction perpendicular to the imaging planes.

In order to apply our deconvolution method, we acquire a second volume rotated
by an angle of 90 deg about the axial direction. So, the poor out-of-plane resolution of
the first volume can be compensated by the better in-plane resolution of the second
volume.

For our experiments, we use an interventional 3D abdominal phantom by CIRS
(see Figure 8.1b). The key advantage of a phantom over in-vivo data is to avoid
problems that arise due to motion. Common kinds of motion that occur in human
tissue are respiratory or cardiac motion. As we stated initially, our algorithm is able
to deal with any kind of transformation, including non-rigid transformations. How-
ever, due to time constraints we were not able to implement a deformable registra-
tion and so we have to restrict on rigid transformations as they are given with the
phantom.

We use a shift-invariant version of our algorithm in order to block-wise reconstruct
the ultrasound volume. Though it would be better to use the shift-variant version,
our implementation is not yet able to deal with such a huge amount of data. Figures
8.3 and 8.4 show the reconstruction of selected slices.

8.2. Breast Tissue

Soler et al. use a two-dimensional robotic platform, in which a linear transducer array
is embedded. A series of slices is obtained by moving the transducer in one direction.
In the same manner, another series of slices can be obtained at a different angle.
Figure 8.5 shows reconstruction results for breast tissue of both Soler’s method and
our method.
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(a) Siemens SONOLINE Antares © (b) Phantom

Figure 8.1.: The interventional 3D abdominal phantom by CIRS is scanned with the
Siemens SONOLINE Antares ©

8.3. Discussion

The results show clearly that the reconstructed images are significantly sharper than
the original input image, and edges are more defined and better locatable. Whether
this location is really correct can not be proved within the scope of this thesis due to
time constraints.

With respect to the comparison of our results to the ones of Soler et al. , at this
moment we are not able to give an evaluation since we just recently got aware of this
publication.
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(a) Tilted scanning (b) Linear scanning

Figure 8.2.: Three-dimensional images can be gathered by different mechanical scan-
ning approaches. In each case, two-dimensional planes are acquired and then com-
bined to a volume.

(a) First observation (b) Reconstruction

Figure 8.3.: Reconstruction of a selected x-y-slice of three-dimensional acquisition of
abdominal phantom.
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(a) First observation (b) Reconstruction

Figure 8.4.: Reconstruction of a selected y-z-slice of three-dimensional acquisition of
abdominal phantom.
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(a) First observation (b) Second observation

(c) Multi-View Reconstruction (Soler) (d) Multi-View Reconstruction (our algorithm)

(e) Reconstructed PSF (our algorithm)

Figure 8.5.: Breast tissue acquired by a two-dimensional robotic platform constructed
by Soler et al. . Two slices for two different scans transformed by an angle of 90 deg
are used for reconstruction.
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Conclusion and Future Work

Deconvolution is characterized by a tremendous lack of information. A very promis-
ing way to fill this lack is to use multiple differently blurred observations. In this the-
sis, we experimentally show that this even allows for blind shift-variant unparame-
terized deconvolution under the assumption that the transitions of the shift-variant
point-spread-function are smooth.

Currently, our algorithm is implemented in Matlab. Matlab is very well suited
for rapid prototyping, but it is difficult to be used for large datasets due to memory
and performance limitations. So, in order to reconstruct a whole three-dimensional
dataset we have to go back to the shift-invariant version of our method and recon-
struct the volume block-wise.

In order to achieve a reconstruction of a whole three-dimensional volume without
subdividing it in smaller blocks, our next step is a memory efficient implementation
in a programming language like C++.

As mentioned, our method is not restricted to a certain imaging modality. We are
currently starting collaborations in order to apply it to confocal microscopy.
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Part III.

Appendix





A. From the Directional/Gâteaux Derivative to the
Scalar Derivative

In chapter 2 we used a relationship between the directional derivative and a scalar
derivative of a slightly modified cost function. We stated that

dxC(x;ν) =
d

dε
C(x + εν)

����
ε=0

. (A.1)

From the definitions of the scalar and directional derivative this is easy to see [65]:

dxC(x;ν) =
d

dε
C(x + εν)

����
ε=0

(A.2)

⇔ lim
α→0

C(x + αν)− C(x)
α

= lim
α→0

C(x + (ε + α)ν)− C(x)
α

����
ε=0

. (A.3)

The same idea applies to the Gâteaux derivative [49]:

δfC[f ;η] =
d

dε
C[f + εη]

����
ε=0

(A.4)

⇔ lim
α→0

C[x + αη]− C[x]
α

= lim
α→0

C[x + (ε + α]η)− C[x]
α

����
ε=0

. (A.5)
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B. Derivation of the Euler-Lagrange Equation

The Euler-Lagrange equations give a necessary but not sufficient condition for local
optima of the functional

C[x, f, f ′] =
Z b

a
F (x, f, f ′) dx . (B.1)

We would like to seek functions where the Gâteaux derivative of C is zero:

δfC[x, f, f ′; η] != 0 . (B.2)

The following remarks are taken from [49]. From equation (2.17) we know that
the Gâteaux derivative can be expressed as a scalar derivative of a slightly modified
cost function. By making further use of the chain rule and linearity of differentiation,
(B.2) can be rewritten as

0 !=
d

dε
C[x, f + εη, f ′ + εη′]

����
ε=0

(B.3)

⇔ 0 !=
Z b

a

∂F

∂f
η +

∂F

∂f ′
η′ dx (B.4)

⇔ 0 !=
Z b

a

∂F

∂f
η dx +

Z b

a

∂F

∂f ′
η′ dx . (B.5)

Now, the right term can be integrated by parts:

Z b

a

∂F

∂f ′
η′ dx =

�
∂F

∂f ′
η

�b

a

−
Z b

a

d

dx

∂F

∂f ′
η dx (B.6)

Putting this back to (B.5) we yield

0 !=
Z b

a

∂F

∂f
η dx +

�
∂F

∂f ′
· η
�b

a

−
Z b

a

d

dx

∂F

∂f ′
η dx . (B.7)

Since η(a) = 0 and η(b) = 0 this simplifies to

0 !=
Z b

a
η

�
∂F

∂f
− d

dx

∂F

∂f ′

�
dx . (B.8)
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Because η is an arbitrary perturbation we can now make use of the fundamental the-
orem of calculus of variations [49] and finally arrive at the Euler-Lagrange equation:

∂F

∂f
− d

dx

∂F

∂f ′
!= 0 . (B.9)



C. Gâteaux Derivative of D

According to (2.17) The Gâteaux derivative can be expressed by a scalar derivative

δuD[u, h;φ] =
∂

∂ε
D[u + εφ, h]

����
ε=0

. (C.1)

Then, the term (C.1) can be transformed as follows.

X
i

Z
Ωi

ei(ξ)
∂

∂ε
e(ξ)

����
ε=0

dξ (C.2)

=
X

i

Z
Ωi

ei(ξ)
Z
Ω

h(ξ, s)φ(ϕi(ξ− s)) ds dξ (C.3)

=
Z
Ω

X
i

Z
Ωi

ei(ξ)h(ξ, s)φ(ϕi(ξ− s)) dξ ds (C.4)

Now, substituting ϕi(ξ− s) by x, the Gâteaux derivative is

Z
Ω

"X
i

Z
Ωi

ei(ξ)h(ξ, ξ− ϕ−1
i (x)) dξ

#
φ(x) dx . (C.5)

Finally, yet another substitution leads to

Z
Ω

"X
i

Z
Ωi

ei(ξ + ϕ−1
i (x))h(ξ + ϕ−1

i (x), ξ) dξ

#
φ(x) dx .
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[45] F. Šroubek, J. Flusser, T. Suk, and S. Simberova. Multichannel blind deconvolu-
tion of the short-exposure astronomical images. In Pattern Recognition, 2000. Pro-
ceedings. 15th International Conference on, volume 3, pages 49–52vol.3, 3-7 Sept.
2000.

[46] Leonid I. Rudin, Stanley Osher, and Emad Fatemi. Nonlinear total variation
based noise removal algorithms. Physica D, 60:259–268, 1992.

[47] A.A. Sawchuk. Space-variant image motion degradation and restoration. Pro-
ceedings of the IEEE, 60(7):854–861, July 1972.

[48] D. Slepian. Restoration of photographs blurred by image motion. Bell Syst. Tech.
J., 46:2353–2362, Dec 1967.

[49] Donald R. Smith. Variational Methods in Optimization. Dover Publications, 1998.

[50] P. Soler, G. Delso, N. Villain, I. Bloch, and E. D. Angelini. Wavelet based spatial
compounding for 3d ultrasound breast imaging.

[51] Pau Soler, Gaspar Delso, Nicolas Villain, Elsa Angelini, and Isabelle Bloch. Su-
perresolution spatial compounding techniques with application to 3d breast
ultrasound imaging. In Stanislav Emelianov and William F. Walker, editors,
Medical Imaging 2006: Ultrasonic Imaging and Signal Processing, volume 6147 of
Proceedings of SPIE, 2006.

[52] M. M. Sondhi. Image restoration: The removal of spatially invariant degrada-
tions. Proceedings of the IEEE, 60(7):842–853, July 1972.

[53] Jr. Stockham, T.G., T.M. Cannon, and R.B. Ingebretsen. Blind deconvolution
through digital signal processing. Proceedings of the IEEE, 63(4):678–692, April
1975.

[54] Kurt Sätzler and Roland Eils. Resolution improvement by 3-d reconstructions
from tilted views in axial tomography and confocal theta microscopy. Bioimag-
ing, 5:171–182, 1997.



Bibliography 87

[55] Rangarajan K. Sundaram. A First Course in Optimization Theory. Cambridge
University Press, 1996.

[56] J. Swoger, J. Huisken, and E. H. K. Stelzer. Multiple imaging axis microscopy
improves resolution for thick-sample applications. Optics Letters, 28:1654–1656,
2003.

[57] A. Tekalp, H. Kaufman, and J. Woods. Identification of image and blur parame-
ters for the restoration of noncausal blurs. Acoustics, Speech, and Signal Processing
[see also IEEE Transactions on Signal Processing], IEEE Transactions on, 34(4):963–
972, August 1986.

[58] A. M Tekalp, H. Kaufman, and J. W. Woods. Model-based segmentation and
space-variant restoration of blurred images by decision-directed filtering. Signal
Process., 15(3):259–269, 1988.

[59] A. N. Tikhonov and V. Y. Arsenin. Solutions of Ill-Posed Problems. John Wiley,
1977.

[60] H.J. Trussell and S. Fogel. Identification and restoration of spatially variant mo-
tion blurs in sequential images. IEEE Transactions on Image Processing, 1(1):123–
126, January 1992.

[61] F. Tsumuraya, N. Miura, and N. Baba. Iterative blind deconvolution method
using lucy’s algorithm. Astronomy and Astrophysics, 282(2):699–708, Feb 1994.

[62] C.R. Vogel and M.E. Oman. Fast, robust total variation-based reconstruction of
noisy, blurred images. Image Processing, IEEE Transactions on, 7(6):813–824, June
1998.

[63] Zhou Wang and A. C. Bovik. A universal image quality index. IEEE Signal
Processing Letters, 9(3):81–84, March 2002.

[64] Zhou Wang, A. C. Bovik, H. R. Sheikh, and E. P. Simoncelli. Image quality
assessment: from error visibility to structural similarity. IEEE Transactions on
Image Processing, 13(4):600–612, April 2004.

[65] David V. Widder. Advanced Calculus: Second Edition (Prentice-Hall Mathematics
Series). Dover Publications, 1989.

[66] Ilu-Li You and M. Kaveh. A regularization approach to blind restoration of
images degraded by shift-variant blurs. IEEE, pages 2607 – 2610, 1995.

[67] Yu-Li You and M. Kaveh. A regularization approach to joint blur identifica-
tion and image restoration. Image Processing, IEEE Transactions on, 5(3):416–428,
March 1996.

[68] Yu-Li You and M. Kaveh. Blind image restoration by anisotropic regularization.
Image Processing, IEEE Transactions on, 8(3):396–407, March 1999.



88 Bibliography
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